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1. Introduction

This thesis is devoted to some novel aspects of squeezing in two-level atomic systems, but before
presenting our work in this regard, several preliminaries and basic concepts of the subject are pre-
sented in the introduction to the thesis. We, therefore, organize the introduction in the following
way. In section 1.1 we discuss the coherent states and squeezed states of the electromagnetic
field as these ideas were first concretely developed in the context of the electromagnetic field
in 1960's and 1980's respectively. In section 1.2 we introduce the two-level atomic system on
which we have made our study regarding its squeezing aspects. We also show the equivalence of
a two-level atom with a spin-% particle as we describe the physics of a two-level atom with the
help of the mathematics of a spin-% particle. In section 1.3 we introduce atomic coherent state
and atomic squeezed state and also discuss the motivation and interest of the subject. In section

1.4 we discuss the organization of the following chapters of our thesis.

1.1. Coherent States and Squeezed States of

Electromagnetic Field

Coherent state or minimum uncertainty state as it is known today was first discovered by E.
Schrédinger [1] in the year 1926 in the context of the harmonic oscillator in quantum mechanics.
He recognized that it is possible to obtain a particular superposition of the harmonic oscillator
wavefunctions such that we obtain a Gaussian wave packet, which does not disperse with time
and also exhibits minimum uncertainty in the measurement of position and momentum for the
corresponding quantum particle. For these reasons the resultant state was named as a coherent
state. But though it was introduced as early as 1926, it was widely recognized in 1960’s due
to the work of Glauber, Klauder and Sudarshan who applied these notions to the description of
electromagnetic radiation. The discovery of laser light made the idea of coherent states, one of
the most interesting and important subjects. One aspect of the coherent states is based on the
uncertainty principle and hence we begin our discussion with this principle.
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1.1.1. The Uncertainty Principle

Every quantum system shows a fundamental and inherent uncertainty in the simultaneous mea-
surements of it's canonically conjugate pair of physical variables that describe the behaviour of
the system. This was formulated by W. Heisenberg in 1927 and is known as Heisenberg's un-
certainty principle [2]. If ¢ and p are the position and it's canonically conjugate momentum of a
quantum particle respectively, then the uncertainties in the simultaneous measurements of ¢ and

p represented as

Agq = /(@) —(@)° (1.1)
and
Ap =1/ (%) — (B)’ (1.2)
respectively, satisfy
AqAp > g (1.3)
where ¢ and p are the Hermitian operators coresponding to ¢ and p respectively and A = %

where h is Planck’s constant. The average values (G) and (p) in the expressions of uncertainties
in Egs. (1.1) and (1.2) are calculated over the relevant quantum state of the particle. Here Aq
and Ap are measures of quantum noise.

It is to be mentioned here that Schrodinger also presented the uncertainty relation which is
much more general and has the form

AqAp = [{[¢,0])/2 + ({4,p}) /2, (1.4)

where [¢,p] = Gp — pG and {G,p} = ¢p + pq are called the commutator and anticommutator of
¢ and p respectively. However, we deal with Eq. (1.3) at present.

Our thesis deals with the squeezing of quantum noise in atomic states, however, we discuss
some of the preliminaries in the context of electromagnetic field as the ideas pertinent to the
present subject of study originated from there. The concept of coherent states and squeezed
states for electromagnetic field is based on it's quantum theory and therefore, it is essential to
discuss some basic ideas of this theory. We deal with atom-field interaction in a cavity and from
that point of view also the idea of the quantized version of the electromagnetic field is necessary.

1.1.2. Quantization of the Electromagnetic Field in a Cavity

We start with a brief introduction to the quantum mechanics of a simple harmonic oscillator as
it is required for our discussion on the quantum theory of electromagnetic field.
The Hamiltonian operator for a simple harmonic oscillator of unit mass and angular frequency
w is given as
~ 1 1

H = 5152 + ?UQQAQ; (1.5)
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where ¢ and p are the position and it's canonically conjugate momentum operators respectively,
which satisfy

4.5 = ih. (1.6)

We define two non-Hermitian operators a and af as

a=24 ' (1.7)
2hw
and P
ot =21 (1.8)
2hw
such that they satisfy
[a,a'] =1 (1.9)
and the Hamiltonian operator acquires the form
R US|
H = hw(a a+§). (1.10)
If |n) is the eigenvector of a'a with eigenvalue n i.e.
ataln) = nln) (1.11)

then,
aln) = +/njn — 1), (1.12)
a'ln) = vn+1|n +1). (1.13)

The operators G and a' are called the annihilation and creation operators respectively for the

harmonic oscillator states.
An electromagnetic radiation field can be shown to be equivalent to a infinite set of these
harmonic oscillators. We now introduce the theory of quantization of the electromagnetic field.
Quantization of the electromagnetic field has been dealt in many text books, but, there it has
been done for an unbounded region using vector potential. What we need for the present purpose
is the quantized version of the electromagnetic field in a cavity. We do not treat the problem
using vector potential and discuss the theory using quantization of electric and magnetic fields
directly because this gives the quantized version appropriate for typical problems in quantum
optics, in general. We start with the equations of classical electrodynamics also called Maxwell's
equations [3]. In a source-free space these equations in terms of the electric and magnetic fields

E and B respectively, are
V-E=0, (1.14)

V-B=0, (1.15)
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OE

B — € ]_]_
V X /J/“ ) i 9 ( 6)

The constants 1y and ¢, are the permeability and permitivity of free space respectively. The
coupled equations can be decoupled to yield the wave equation

1 9°E
governing the electric field only and
1 9°B
V’B — ZaE 0 (1.19)

for the magnetic field. Here we have assumed

2= L (1.20)
Ho€o

In the interaction between electromagnetic field and atom or molecule, both the electric and
the magnetic components interact with the underlying charges and currents. These interactions
are known as dipole or, in general, multipole interactions. The electric dipole interaction is 106
times stronger than the corresponding magnetic component counterpart. For this reason the
electric field is also known as the optical field and we discuss it's quantization theory [4].

We assume that the electromagnetic radiation field is contained in a source free cavity of
volume V. The axis of the cavity is along the z-direction and the length of the cavity along it's
axis is L. The electric field is considered to be linearly polarized along x-direction and has the
spatial dependence appropriate to the cavity. We show that a single cavity mode of the radiation
field is equivalent to a simple harmonic oscillator of unit mass and angular frequency equal to
the cavity eigenfrequency and for that we expand the electric field in the normal modes U (z, t)
of the cavity [18] as

Ey(z,t) =Y Alh(z,t) (1.21)
!
where

U(z,t) = q(t) sin(k2). (1.22)

q is the normal mode amplitude and k; = T, with 1 = 1,2,3....

22712
A = | =L 1.23
=22 (129

The A;'s are given by
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where wy is the eigenfrequency of the mode [. The nonvanishing component of the magnetic field
B, can be obtained from Egs. (1.15), (1.16) and (1.40) as

By(z,t) = po€o Z AlZ—ZZ cos(k;z). (1.24)
!

The classical Hamiltonian for the field
1 2 J
1%

takes the form, in terms of ¢; and ¢, = p; as,

1
H = QZ(wfquer?). (1.26)
l

We observe that the above Hamiltonian is as if the sum of several simple harmonic oscillator
Hamiltonians of unit mass and angular frequency w; corresponding to each value of [. This shows
that each cavity mode of the electromagnetic field is equivalent to a simple harmonic oscillator.

The dynamics is quantized by identifying ¢; as operator ¢; and p; as operator p; obeying
[G1, Ps] = ihoys (1.27)

and
[él?qAS] = [ﬁl?ﬁs] = 0. (128)

We define two non-Hermitian operators

. 1 R

ap = oo, (lel + sz) (1.29)
and )

X A

_ _ 1.30

i = o (@i — ipr) (1.30)

respectively, by which H takes the form
H="hY wl@a+1/2). (1.31)
l

From Egs. (1.27) — (1.30), it follows that a; and a! obey the commutation relation
ar,al] = by (1.32)
If |n,) is the eigenvector of dd; with eigenvalue n; that is,

alag|ng) = nyny) (1.33)
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then
ar|ng) = /m|lng — 1), (1.34)

and
aflm) = vmg + Ly + 1). (1.35)

The state |n;) is called the photon number state that is, it infers the number of photons in
the mode [ which is n; and due to Eqgs. (1.34) and (1.35) the operators @; and le are called
the photon annihilation and creation operators respectively. Eq. (1.33) implies that the operator
d;dz determines the number of photons in the state |n;) and hence, is called the photon number
operator.

The state |n;) is also an eigenstate of the harmonic oscillator Hamiltonian H; = hw;(a]d;+1/2)
with eigenvalue fuw;(n; + 1/2) as

Hing) = hwy(adag +1/2) |ng) = hay(ng 4+ 1/2) |ny). (1.36)

The above derivation establishes the fact that a cavity mode of radiation field is indeed equiva-
lent to a harmonic oscillator. The electric field operator Exl(z, t) corresponding to the [-th cavity
mode of the radiation field has the form

A

EII(Z, t) = Al(jl(t) sin(klz). (137)

Using the expression of A; given in Eq. (1.23) the above equation can be written in terms of @,
and &ZT as

A

1
En(z,1) = S&(an + a)) sin(k;2) (1.38)

1/2
where & = 2 [%} has the dimension of electric field. We immediately see that (n;|E.|n;) =
0, but,

. 1 1
(| E2,(2) ) = 5512 <nl + 5) sin? k;z (1.39)

for the cavity mode [ in a state |n;) containing exactly n; photons. This does not go against
quantum mechanics since it is not (E) but the intensity of the radiation field I oc (£?2), which is
observed. However, such is not the case for all states of the radiation field. One such example,
as we shall see, is the field in a coherent state in which (E} # 0. With this information we now

describe what is known as a coherent state of electromagnetic field.

1.1.3. Coherent State of Electromagnetic Field

In the remainder of this chapter we restrict ourselves to a single mode of the radiation field with
angular frequency w having annihilation and creation operators G and a' respectively. The electric
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field operator corresponding to the single cavity mode of the radiation field is written by replacing
the superscript [ from Eq. (1.37) as

A

E.(z,t) = Aq(t) sin(kz). (1.40)

The coherent state of the electromagnetic radiation field [5-8], is defined as an eigenstate of

the annihilation operator a. Denoting it by |«) we have,
ala) = ala). (1.41)

Since a is non-Hermitian, « is, in general complex. We can have a commutation relation among
. ot
a and e as

s ot

[a, e ] = ae® . (1.42)

If |n) is the eigenstate of the Hamiltonian operator H = hw(ata + 3), then the vacuum state

is denoted as
In = 0) = |0). (1.43)

Operating both sides of the operator equation (1.42) on the vacuum state we obtain
ae®@')0) — €@ a|0) = ae®® |0).

This gives
i e*'0) = o e*®'|0). (1.44)

We find that e®@'|0) is an eigenvector of & and, thus, proportional to |a). With proper

normalization we may write
o) = ezl e ). (1.45)

In terms of the photon number state, we may write

YL

n=0

o \n (1.46)

If we have two such states |a;) and |ag) with ay # ay then,

o0
(arlag) = e3P +ieal) ZZ m\n2>
_ o2 (laaPP+laaP?) Z

8

_ e,%(‘a1‘2+|a2|27011 012). (147)
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Thus, the states ;) and |as) are not mutually orthogonal and nor do they have to be as they
are eigenstates of a non-Hermitian operator. Now,

|<041|042>|2 = €_|al_a2‘2- (1.48)

Therefore, the states |a;) and |ay) become approximately orthogonal when |a;; —a|? increases.

The set of states {|«)} form a complete set. Using Eq. (1.46) we have

[n1) (n2] na —|al? 72
la){a|d®a = g g aMarem ol P, (1.49)
\/nl'ng

n1=0n2=0

This integral is over the entire complex plane of . We evaluate it using polar coordinates
(0<r<00,0<60<27m). We assume

a=re’=z+iy. (1.50)

Therefore,
d*a = dx dy = r dr db. (1.51)

With this change in coordinates Eq. (1.49) becomes,

SN m\ )6 1~
|0z)<oz|d2oz:§ E el =m0 pntml o =r® g g (1.52)
\/TL' r=0 J6=0
n=0 m=

Now, ,
/ e M0 d0 = 276, (1.53)
0

Therefore, Eq. (1.52) becomes,

/|a Wa|d®a = 2 Z ) ' / A (1.54)
n: r=0

n=0

We now use the substitution
r’=s (1.55)

in Eq. (1.54) and obtain

/\a><a\d2a _ Z'”nf”

; Wzln;;!nlpw

=, (1.56)
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where I'(n) = (n — 1)! is the Gamma function. Thus,

/|oz)<oz|d7a ~ 1 (1.57)

and hence, the coherent states {|a)} form a complete set of states.

The variances of ¢ and p over the state |«) satisfy the minimum uncertainty condition of Eq.
(1.3). We now show the calculation of these variances Ag and Ap over the state |«). Using Eq.
(1.29) and (1.30) we have with w =1,

G=1/=(a" +a) (1.58)

p= i\/g((ﬂ —a). (1.59)

As |) is an eigenstate of G, we have therefore,

(o) = 1/ Hal(@'+ o)

- \/§<a*+oz) (1.60)

and

and

- Z\@(a - a>. (1.61)

It can be noted from Eqgs. (1.40) and (1.60) that («|FE,|a) # 0. From Egs. (1.58) and (1.59)
we have .
=3 (a” +a? +2afa + 1) (1.62)

and 5
=3 (a” +a? - 2ata — 1) (1.63)

respectively. So,

(a]@®|la) = <a|(d72+&2+2€ﬁd+1)|a)

<a*2 +a? 4+ 20 a + 1)

RO SN SO S

~—~
Q
*
+
Q

)2 + g (1.64)
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Similarly,
9 h ~12 | A2 i
(alpla) = —§<o¢|(a +a°—2a'a—1)|«a)
h
= -3 <a*2 +a® - 20" — 1)
h 2 h
e —_— * —-. 1
. <a a) +3 (1.65)
Now from Egs. (1.60) and (1.64) we have
) . h
A = (@)~ @Y = (1.66)
and from Eq. (1.61) and (1.65) we have
) ) h
Ap* = (") = () = 5. (1.67)
Hence, the uncertainty relation for these variances is
h
Aqg Ap = 7 (1.68)

Thus, the state |a) possesses the minimum value of the inherent uncertainty as given in Eq. (1.3).
In addition, the uncertainties are equally distributed in ¢ and p. Hence they are called minimum
uncertainty states. The state |«) in position representation forms a Gaussian wavepacket which
retains it's exact shape when it is evolved with respect to time under the action of harmonic
oscillator Hamiltanian. Despite these beautiful properties of the coherent state it was not of
much practical use even though it was introduced as early as in 1926. But after the invention of
LASER, it was found that the coherent state describes very well a laser light.
The state |«) can be obtained from the vacuum state |0) as

o) = D(a)]0) = el =" Do), (1.69)
because, using Baker-Hausdorff lemma [Apendix-1] it follows that

e(azﬂ —a*a) \O> _ 6azﬂ e—a*ae—é[aaf,—a*a}

0)

st s —lal? et -
— e —ata,—3 [a ,a]|0>

= 6_# e e )

|2

= e [1-ata+ (a2 + . |0)

|2

= e 2 0) (1.70)

which is nothing but Eq. (1.45). The operator D(«) is called the displacement operator. This is
due to the fact that the vacuum state satisfies minimum uncertainty conditions represented by
the Eq. (1.68) and hence, |a) is also known as displaced vacuum state. Note here that aa’ —a*a
being an anti-Hermitian operator, @' =@ is unitary and thus retains the normalization when
acts on a normalized state.
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1.1.4. Squeezed States

When the above mentioned inherent uncertainty of the system is redistributed, so that the
uncertainty in either ¢ or p is reduced below the values, as given in Egs. (1.66) and (1.67),
retaining, however, as it must, the product in Eq. (1.68), then we say that squeezing has been
introduced in the system. Mathematically we achieve this in this present system through the
following scaling transformation on ¢ and p as,

/

q—q = qe (1.71)
and
p—p =pe, (1.72)

where € is a real number. The commutation relation between the transformed operators remain

intact as
[é',[)'] = 1ih, (1.73)

but the uncertainties in ¢ and p are modified as
Aq = e Aq (1.74)

and
Ap' = e “Ap. (1.75)

We see that the uncertainty in p is reduced and that in ¢ is enhanced while retaining the
minimum value of the product in Eq. (1.3). At the level of the annihilation and creation

operators the above transformation entails a Bogoluibov transformation viz.
G — b=acoshe+ asinhe (1.76)
which is seen to be implemented by a unitary operator
A 2

S(e) = es@—7a" (1.77)

[9]. In other words, we have

>

i — b=els@-aP] 5 5@ -a™)] (1.78)

The quantum state of the particle in which the above transformation is achieved is called a
squeezed state. The squeezed states can be obtained by Yuen's method [10] which he called
as two-photon coherent states. Equivalently, the squeezed states can also be obtained by the
method given by Caves [11]. The corresponding parameters in the two methods are related to
each other. In Caves' method, first, the vacuum state of the electromagnetic field is squeezed
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by the unitary operator S(e) in Eq. (1.77), also, called as squeeze operator. € is now called the
squeeze parameter with
e=s6? 0<5<00,0<86<2m. (1.79)

The squeezed vacuum
0, €) = 5(e)[0) (1.80)

is then displaced by the displacement operator in Eq. (1.69). Thus the squeezed state can be

represented as
la, €) = D(a)S(€)]0). (1.81)

The subject has been widely reviewed in Refs. [12-14]. The term “squeezed state” was
first coined in the experiments on gravitational wave detection [15]. In 1980’s and onwards many
experiments were performed to detect squeezed light and people succeeded in obtaining squeezing
by significant amount [16]. With the advanced quantum optics experiments on squeezed states,
this field became one of the most interesting subjects.

1.2. A Two-Level Atom

In the above, we have analysed the coherent and squeezed properties of electromagnetic field.
Then, a natural question arises as to how these ideas can be implemented in atoms. However,
there is a basic difference between the two quantum systems, that is, atom and electromagnetic
field. Electromagnetic field has equispaced infinite number of energy levels whereas we know that
atomic energy levels are quite different. Thus, one needs a deeper look to define atomic coherent
and squeezed states. Before we do so, we need to define what is widely known as a two-level
atom in quantum optics. When the electromagnetic field interacts with an atom the resonant (
the frequency of the electromagnetic field being equal to the transition frequency between a pair
of atomic levels ) or near resonant interaction dominates over its interaction with other atomic
transitions. So, we concentrate on the resonant pair of levels. The other energy levels are not
important for consideration here as their transition frequencies are far away from the frequency
of the electromagnetic field. Hence, we use the terminology as “two-level” atoms [17, 18].

Let the upper and lower level states of a two-level atom are denoted as |u) and |l) respectively.
We define two operators j+ and J_ as

Ty = Ju) (i (1.82)

J_ = |I)(ul (1.83)

and .
J. = 5 () (ul = [)(1]] (1.84)
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such that

Tty = u), (1.85)
J_|u) = |I). (1.86)

Thus, j+ converts a lower level state to the upper one and is called as raising operator and J_

does the opposite and is the so called lowering operator. Also
J|u) = =|u) (1.87)

and )
Jolty = =510 (1.88)

implying that .J, gives the population difference between the upper and the lower levels with the
zero of the energy being fixed at the middle such that the state |u) and |l) correspond to the
energy %hw and —%hw respectively. J, is known as inversion operator in quantum optics. We
further define

Jy = et (1.89)
2
and X .
g, == - /- (1.90)
such that
[T, Ji] = i€xtm I, (1.91)

where the suffixes &, [, m represent any of the three orthogonal components x,y and z [19, 20].

€xim 1S the Levi Civita symbol representing
€123 = €231 = €312 = 1 (1.92)

and

€132 = €213 = €321 = —1 (1.93)

and other ¢;;;, are zero. The operators J, and jy correspond to the x and y components of the
atomic polarization respectively. Since . jy and J, satisfy the same commutation relations as
the Pauli spin operators, those are called pseudo-spin operators since the z-component is not the
z-component of atomic polarization but the population inversion parameter. Thus a system of

N mutually non-interacting two-level atoms with operators

N
Jo=Y _Ju, (1.94)
=1
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(1.95)

B
I
S

@
Il
—

and

J. (1.96)

I
i
Sf >

. . . . N .
is equivalent to a system with total spin 5 with

N N
ESIAES
The collective atomic operators given in Egs. (1.94) to (1.96) satisfy the same commutation
relations as given in (1.91). Thus a two-level atom is described mathematicaly with the help of
these pseudo-spin or angular momentum operators. We have studied the atomic coherent states

and atomic squeezed states in terms of these operators which we describe in the next section.

1.3. Atomic Coherent State and Atomic Squeezed State

We now consider various atomic states for which the basis vectors are the angular momentum

eigenstates, also called the Wigner states.

1.3.1. Wigner State

The collective state of a system of N two-level atoms can be represented by a Wigner state

|7, m), which is the simultaneous eigenstate of J? and J, operators as [h=1]
Jlj,m) = j(j + 1)|j.m) (1.97)
and
J.|7,m) = m]|j,m), (1.98)

where J2 is the square of the angular momentum operator. The quantum number j here is
connected to the number of atoms N as j = % and the quantum number m here stands for the
population difference between the two atomic levels. The raising and lowering operators when

act upon |j,m) give

Jilim) = G—=m)(G+m+1) [jm+1) (1.99)
Jljm) = VG+m)i—m+1) [jm—1). (1.100)

We know that the variances in J, and J, over the state |j,m), that is,

Adey = \/(jg%,y> — (Joy)? (1.101)
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are given as

1
AJ, =AJ, = 7 7+ 1) —m2. (1.102)

It is easy to see that when m takes the value +j or —j the above uncertainties obtain their

minimum values as

AJ, = AJ, = % (1.103)

Thus, the states |j,m = £j) can be called minimum uncertainty states (MUS).

1.3.2. Atomic ( Spin ) Coherent States

The atomic or spin coherent states were devloped by Bloch [22] and subsequently by Radcliffe
[23], Arecchi and others [24]. This state is traditionally developed via

5.x) = Ne¥-|jm=+j) (1.104)
i
_ X° Gns
= NY_ I Ldm =), (1.105)
where x is a complex number. In general the normalization constant N is complex such that,
= [N| &, (1.106)

where ¢ is the phase factor. But, since the overall phase factor in a state vector has no physical
significance, it can be assumed to be zero and hence, we may assume N to be real.

Now,
jym=+j) = 251 J"! im=j—1)
= V225 —1).12 J? |jm=j—2)
= V2.2 —1)..2j —n+1).12.n |jm=j—n)
(2j)'n' .
_ — i) 1.107
Thus,

17, x) = N%X" % 17,5 —n)

2j
= N Y VEC K" i), (1.108)
n=0
To find out the normalization constant N we use the condition for normalization as

(J,xld,x) =1, (1.109)
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which implies

2] .
Ny e, (\XF) =1 (1.110)
n=0
or,
2
N1+ x) " =1 (1.111)
or,
1
N=—_ - (1.112)
J
(1+ )
Hence the normalized state vector is
1 &l
) =——= > VIC X" lim=j—n). (1.113)

<1 + ‘X|2> n=0

To understand the various properties of this state we need to know the average values of various
pseudo-angular momentum operators over this state and hence we now show the calculation of
these necessary quantities.

. 27 l .
Goxldlix) - = R > VECRIC () X" (g = U = )
1+|X\2) [0

1 < d &
= —— [J’ZQJ(J“ x>~ \X|2d‘ E > e, \XIQ”]
(1+ Ixl?) X

n=0 n=0
1 , 2j d 2

R R R (A

(14 1x?) *

. Xx|?

—9

TTHETNP

1_ 2
_ i (1.114)
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Similarly,

<]>X‘j+|j> X)

As

Therefore,

Now,

) .
x| X d &
X (14 Ixl?)

(1 )0

2jx —

1

1

1

X

X

X

X

29
S VAECEC, () ¥ e~ g~ )

1,n=0

25
S VG HC, () X VAT =0+ Do

,n=0

2 . . .
ZJ 251250 (14+1) (25 = 1) v
A\ 1 (25— D! I+ 1) (25— 1= 1)

2j

25! 2
Z I' (25 —1—1)! X

=0

2j

S %G (25— 1) [y

=0

r 2j 2j
2> 0 XM=Y Pl \x|2l]
=0

=0

2j

2j d i
9:(1 9 e @ 200 1 1|2
I IE) = W A

(1.115)

)= HX (1.117)

(1.118)
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and hence, .
(L) = 5 (1) + (1) (1.119)
and using Eqgs. (1.115) and (1.117) we obtain,
(J) = j X (1.120)
(1+ Ixl?)
Similarly,
o 1 /- N
J, = Z<J+ - J_> (1.121)
implying,
N 1 N A
G = 5 () =)
= XX (1.122)
i (14 IxP?)
Using the substitution
0 .
X = tan§ e (1.123)
Egs. (1.114), can be casted in the form
. 1 —tan?6/2
L) = I e
= jcosf . (1.124)

Similarly, Egs. (1.120) and (1.122) can be written as using Eq. (1.123) as

(G, X[ Jal, x) = j sin6 cos ¢ (1.125)
and
(G, x|Jylg, x) = jsinfsin ¢ (1.126)

respectively. We see that the angles 6 and ¢ are as if the polar and azimuthal angles respectively,

made by the mean angular momentum vector
() = (L)i+ (1) + (J.)k (1.127)

with a right handed rectangular cartesian coordinate axes. Here i, j and k are the unit vectors

~

along the z,y and z axes respectively. The magnitude of (J) is

. <2 S 2 -2
@] = VD + )+ ()
= \/j2 sin? 0 cos? ¢ + j2sin? fsin® ¢ + 52 cos? 0
_ (1.128)
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To calculate the variances

AJ, =\ (J2) — (1) (1.129)
and
AJy =\ (J2) = ()’ (1.130)

over the state |j,x), we see that we need to calculate (J2) and <jy2> over that state. We,

therefore, now show the calculation of these quantities one by one. We know that

S%)Q (o) (Je+)

(JE L2 dd + j_J+). (1.131)

72
Ja:

Now,

_ 72 72
= 2(%+ 7))
- 2<A2— 2) (1.132)
Therefore, Eq. (1.131) becomes,
s sy ey Lrsy 4
J$:Z<J++J_> +§<J —Jz>. (1.133)

Therefore,

(= () 5 () - )
= () + 5 (7 - )
— %(Re<j§>+<j2>—<j§>). (1.134)

Thus, to calculate (4, x|J2|7, x) we need to calculate (J, X|jﬂj, X), G, x| 7217, x) and (4, x| 217, x)-
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Now,

(G, X217, x)

2j
1 ___ N
— Z V2O %0, (x ) X" (g = U35, 5 —n)
(14 f2) " i
1 2 l
L $ e ()
(14 Ix2)" ino
Vnn—1)(2j —n+1)(2j —n+2) O1,n—2
1 2 \/2]’! 25 (1+2)(1+1) (25 —1)(25 —1—1) P
% Y 1 (27— —2)!
(1+\x|2) i 2D (+2) (2j—1—2)

2

1 ; . .
—— > IO NN (2 - D2 -1 1)
(1 + \X|2> =0

9 2j 2j

X . . : . :
— [ (457 = 20) Y Y0 X" = (4 = 1)) PO x|
(1 + \X|2> 1=0 1=0

2
> UG e ]

=0
. 27
> . . 2 , d .
— | @ =2 (14 ) = () = DI >
1 2 (‘X|)l:0
+ [xI

2j

s d o d 25 2

2
Xl 1=0

2 2 i

. . : X“|x d 2j

(472 = 20¢ = (45 = )2 (1 )
(14 Ixl?)

2 2
XX d , d 2
5o (14 Inf?)
(14 ) AP AP
2 2 2 2
(477~ 23)3* — 2541 ~ 1) 2Py gy X
(1) (14 xR
2 4
oy XX
2j(2j - 1)
(14 Ixl?)
XQ
27(27 — 1) (1.135)

(1+1xR)
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Using Eq. (1.123) we obtain

(X215, x) = 53(2) — 1) sin® 0 e, (1.136)
In a similar way
) 1 2 ! )
G = 5 2 VICHC, (X)X G = U2 = )
<1 + ‘X|2> 1,n=0
1 2

= ——— D VG (G —n)
(14 Ix2) " 7=

1 2j d 2j
= — [j?Z?ﬂcn X" =241 g D ¥ Cu I
(1+\X|2) rd XP &
25
d d .
+ XX 20, x>
d|x|[? d|x\2n§
1

S o (AR
+ \xl2d|;2\x|2d|i‘2 (1 + |X\2)2j ]

Ix|?
(1+12)  (1+ P?)
Ix|*

+o2j(25 —1)—2—. (1.137)
1+ \X|2>

2
S T L.

Using Eq. (1.123) and simplifying we obtain
5 1
(X215 x) = 3% cos® 0 + s 6. (1.138)

Now,
. 1 2 I .
Gl = 5 D VICHEC, () X" (g = 1.5 = )
<1 + |X\2) 1,n=0
— G+ (1.139)

Using Egs. (1.136),(1.138) and (1.139) in Eq. (1.134) we obtain

A 1
2 _

1 1
1+jsin29—|—§(2j—1)sin290052¢—§sin29]. (1.140)
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We know that
N S (1.141)

Therefore,
() = (%) = (22 = (2). (1.142)
Hence, using Egs. (1.138),(1.139) and (1.140) in Eq. (1.142) and simplifying we obtain
A 1 1
(j,x|Jy2|j, X) = 5] + j%sin? @ sin® ¢ — —]sm 20 sin? ¢. (1.143)

Therefore, using Eqgs. (1.125) and (1.140) in Eq. (1.129) we obtain

1 1 1
A2 = 5]’ 1+jsin29+§(2j—1)sin290082¢—§sin29]—j251n29c052¢
1y .9 2
= 5]( 1 — sin® 6 cos gf)). (1.144)

Similarly, using Eqgs. (1.126) and (1.143) in Eq. (1.130) we obtain
1 1
AJ; = éj + j%sin?* @ sin® ¢ — ij sin? fsin® ¢ — j%sin® @ sin? ¢
1
- 5]'( 1—sin298in2¢). (1.145)

We observe that the variances in J, and J, are dependent on choice of the coordinate system

and can take value less than /4. Thus the variances given in Egs. (1.129) and (1.130) do
not represent the actual inherent uncertainty of the system. The fundamental and inherent
uncertainty of the system is uncovered in a plane perpendicular to <j> Therefore, we perform a

rotation of the coordinate system such that,

J. = Jycosfcosd+ J,cosfsing — .J,sin, (1.146)
J, = —J,sing+ J,cosg, (1.147)
J. = J,sinfcos ¢+ J,sin@sing + J, cos 0. (1.148)
Thus,
(J1) = (J,)cosfcos¢+ (J,)cosBsin ¢ — (J.)sin6, (1.149)
(JIy = —(J.)sing + (J >cos¢ (1.150)
(JIY = (J,)sinfcos + (J,)sinfsin ¢ + (J.) cosf. (1.151)

Using Egs. (1.124), (1.125) and (1.126) in Eq. (1.149) we observe that

) = jsinfcosfcos® ¢+ jsinbcossin® ¢ — jcoshsind

= 0. (1.152)
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Similarly using Egs. (1.125) and (1.126) in Eq. (1.150) we observe that
(j;> = —jsinf cos ¢sin ¢ + j sin f sin ¢ cos ¢
= 0 (1.153)
and using Egs. (1.124), (1.125) and (1.126) in Eq. (1.151) we observe that
(J1) = jsin?0cos® ¢+ jsin®Osin® ¢+ j cos? 0
— (1.154)
Thus the mean angular momentum vector is now
(@) = i+ i+ (JDk
- jk (1.155)

which shows that (j’> is along the z-axis. It may be noted that the magnitude of the mean

angular momentum vector (J') is
() == ()] = 1),

which is expected as a rotation does not change the length of a vector.

We now calculate the variances

A

AT = \(I2) = (12

T

and
! 71 7 2
AJy, =\ (J?) —{J))

Y

over the state |7, x).
From Eq. (1.146) and (1.147) we get

J? = J%cos?0cos® p+ ij cos® @sin® ¢ + J2 sin” 0
+ (jxjy + jij) cos® @ sin ¢ cos ¢ — (jsz + jzjx) sin 6 cos 0 cos ¢
— (jyjz + jzjy) sin 6 cos 6 sin ¢.

and
j{f = jﬂf sin’® ¢ + ij cos® ¢ — (jxjy + jij) sin ¢ cos ¢
respectively.

Therefore,

(J2 = { >cos29(:os2¢+(jy2>cos2esin2¢+<j3>sin29

— jz+jzjy)sinecosesin¢

)
+ (J;jy + jyjl) cos? 0 sin ¢ cos ¢ — (JA;BJAZ + J;J;) sin 6 cos 6 cos ¢
Jy

(1.156)

(1.157)

(1.158)

(1.159)

(1.160)

(1.161)
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and

~

(j;2> = (J?)sin® ¢ + (jy2> cos® ¢ — (JpJy + J,Ju) sin ¢ cos ¢. (1.162)

respectively.
Thus to calculate () and (J?) we need to calculate (J,J, + J,.J.), (J,J. + J..J,) and
(Jy,J.+ J.J,) over the state |j, x). We now show the calculation of these quantities.

| NG T PN 2
Jody 4 dyde = 5 (Jo+) Z(L ~J )+ Z<J+ - J) 5 (o +J)
_ 1 72 72

Therefore,

Gedy 0y = 5 (472 = 72)
= (U -y)

= Im(J?) (1.164)

A

that is the imaginary part of (J2). Using Eq. (1.136) we obtain

S 1
(Jody + Jy ) = 5]'(2‘7' — 1) sin® @ sin 2¢. (1.165)
Now,
n a I 1/ 4 A\ A -1/ R
ezt sz = 5( ++J7> Z+JZ§<J++J,)
1/~ - ~A A A A ~A A
- 5( A ++J,JZ+JZJ,). (1.166)
Thus,
A A A A 1 A A A A A A A A
<$z+ za:> - §<<+z+ z+>+<<]— z+=]z<]—>)
1 7 7 77 77 7 T \*
= 5(( v+ LJy) + (LS + Iy z))
= Re(J.J,+ J.J.), (1.167)

that is the real part of <j+jz + jzj+) Similarly,

Jod. 4+ dd, = 2%,(@ ) Jz%(ﬁ )
_ %(LJZ ST ) (1.168)

implying

>

(Jyd + J.J,)) = Im(J . + J.J.), (1.169)
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that is the imaginary part of (j+jz + jzj+). Therefore, we now show the calculation of (j+jz)
and (J..J,) over the state |}, ).
25
G x| T4 Ll x) = ﬁ > o VECRc, (x ) X" g = U delg, 5 —n)
14 |X\2) 1,n=0

2j
- —— 3 VECAC, (x) X )
(1 + |X\2) o
X/ n(2] -n+ 1)6l,n71
2j

= X o -G - - D
<1+|X\2) s

27
% [ (257 = 24) > _7C [x[*
(1+ x?)

=0
2j 2j

— GBI PO XD PO [y ]
=0 [=0

s [ (257 = 25)(1 + [xI?)?

(14 1x?)

2 2
d . d d .
— (35— D)Ix|? > 40 P+ x5 I > 20y X
( | d|x|* = | | x> dlx|* =

xIx|? d < 2>2j
: 1+
2\ d|x|? X
(1 + [x] )

2 d d 2j
+ X|X‘ 5 d| ‘2|X‘2d‘ |2 <1+‘X|2)
(1 )~ A
x|x|”

= (QJZ—QJ)X—Qj(3J—1) <1+‘ |2>
X

xIx[*
(14 [x[?)?

= (27 -2)x - (3j—1)

x[x|?
(14 1x?)

— L?[ja P - 1]. (1.170)

(1 + IXP)

+ 2j +42(25 — 1)

Now,

[, g = J.. (1.171)
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Therefore,

(JJs) = () + (Jo ). (1.172)

Thus using Egs. (1.115), (1.170) and (1.172) we obtain,

. I 29x .
G XT3, %) = 72[3(1 = IXI") + IxI? (1.173)
(1 + IXP)
Therefore, adding Egs. (1.170) and (1.173) we obtain
. 7 7 7 7 . _ 2]X . 2 . 2
Gixl e + Ldeljix) = ———= | 27+ IXI" = 2ix[" =1 |. (1.174)
(1+ x2)

Using Eq. (1.123) in the above expression we get

tan(6/2)e
1 + tan?( 9/2)

<jaX|j+jz + jszr‘ja X> =

2j + tan®(0/2) — 2j tan®(0/2) — 1 ]

§(2j — 1) sin26 . (1.175)

N | —

Therefore, from Egs. (1.167), (1.169) and (1.175) we obtain the correlation terms as

A 1

and

o
R
o
o

1
(G, x|, = 5J(2j — 1)sin 20sin ¢, (1.177)

Thus, after calculating all the necessary quantities to calculate (jf) we now try to obtain its
expression. Using Egs. (1.138), (1.140), (1.143), (1.165), (1.176) and (1.177) in Eq. (1.161)
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1
12 _

1 1
1+ jsin?6 + 5(2]' — 1) sin” § cos 2¢ — 5311126 ] cos® 0 cos® ¢
1 1
+ §j+j2sin26'sin2¢—ijsinQQSin%b] cos? fsin? ¢

1 1
+ | j*cos? O + Ej sin2«9] sin? 6 + 5]’(2]' — 1) sin? # sin 2¢ cos? § sin ¢ cos ¢

1
- 5]’(2]’ — 1) sin 26 cos ¢ sin 0 cos 6 cos ¢
1
- 5]’(2]’ — 1) sin 26 sin ¢ sin 6 cos O sin ¢. (1.178)

After simplifying the above expression we obtain
J. (1.179)

Similarly using Egs. (1.140), (1.143) and (1.165) in Eq. (1.162) we obtain

A~ 1 1 1
(7 = 5 1+jsin2«9+§(2j—1)sin2«90082¢—§sin2«9] sin? ¢
1. 9 .9 . 92 1. . 9 . 9 9
+ Y, + j”sin” @ sin ¢—§]SIH fsin” ¢ | cos” ¢
1., 2 ,
— 5](2]—1)sm 0 sin 2¢ sin ¢ cos ¢, (1.180)

which after simplification reduces to

- 1

2

(Jy) = 3
Since (J!) = (JZI) = 0 as expressed in Egs. (1.152) and (1.153), we obtain the variances of

J. and j; using Eqgs. (1.157), (1.158), (1.179) and (1.181) as

5. (1.181)

12 /2_2_‘<j>|
AT = AJF =5 =20 (1.182)

These are the inherent uncertainties of the system which has the same value as given in Eq.
(1.103) and hence, we call the state |j, x) as a rotated minimum uncertainty state (MUS) or a
coherent state. The uncertainty relation for this kind of systems is formulated as

1, 4 1 -
ALAT, = S = ST, (1.183)
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~

It is to be noted here that, it is not necessary to align (J) always along the z-axis and it can be
aligned along any direction but then we have to find out the uncertainties in such two mutually

~

perpendicular components of (J) which lie in a plane normal to <j> As the angles # and ¢ are
varied, the mean angular momentum vector (j) traces out a sphere, known as the Bloch sphere.
That is, the tip of the vector always remains on the surface of the sphere as it should since the
norm of the vector does not change with rotations. Hence, the atomic coherent states are also
known as Bloch states [22] and are represented by |0, ¢). These are also known as Radcliffe
states [23].

It is possible to obtain an elegant expression for the atomic coherent state using Schwinger rep-
resentation for angular momentum operators [21]. In this representation the angular momentum
operators are constructed by defining two kinds of bosonic annihilation operators a;(i = +, —)

corresponding to two uncoupled harmonic oscillators, such that

[aaj] =5 (1.184)
and
[&i,aj] —0= [aj,a}]. (1.185)
With h = 1, the raising and lowering operators J, and J_ take the form
J, = ala_ (1.186)
J_ = ala, (1.187)
and )
=35 (ala, —ala ). (1.188)

The atomic coherent state |j, x) take the form [details given in Apendix-II]

n

. L e ata)? @l
)= — 2OX"—F—=
T P T

where |0,,0_) is the vacuum state for the two types of oscillators.

04, 0_) (1.189)

With the above definition for an atomic (spin) coherent state, we can now give a definition of
atomic (spin) squeezed states.

1.3.3. Atomic ( Spin) Squezed States

The squeezed state for the above system is obtained when the variances AJ,, or AJ, achieves
(D)

the value less than S i.e. when

Ay < (D] (1.190)
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with
AJy > w (1.191)

or vice versa.

A system of atoms goes to a squeezed state when it interacts with a squeezed electromagnetic
field. The field establishes quantum correlation among the individual atoms and squeezes them.
In fact the quantum correlation is the basis of squeezing in atomic system which is produced
via a non linear interaction between the atoms and field. The above idea of spin squeezing was
put forward by Kitagawa and Ueda [25]. Wineland and coworkers [26] has also formulated, but
slightly differently, and called it spectroscopic squeezing. Agarwal and Puri [27] have studied
spectroscopic squeezing in an atomic system interacting with a squeezed radiation field. Since,
then the subject has been actively investigated which led to its experimental verification in atomic
vapours [28, 29] and in Bose-Einstein condensates [32]. An ensemble of atoms in a cavity driven
by a strong coherent field exhibits strong non-linearity in the form of optical bistabitity. The
state of the system (consisting of atoms, cavity field and driving field) at the lower turning point
of the bistable curve, produces squeezing in the atomic (spin) system [33, 34]. Spin squeezing
of the lower two levels of a three-level atomic system has been predicted in systems exhibiting
electromagnetically induced transparency [35]. Berman and coworkers [36] have shown that a
system of mutually noninteracting atoms in a microwave cavity described by the so-called Tavis-
Cummings model are spin squeezed. It has been known that quantum entanglement [38] is at the
root of spin squeezing. The relationship between the two outstanding quantum effect has been
formulated in Refs [39, 40]. Thus, spin squeezing can offer as a physical measure of quantum
entanglement, an abstract quality so far. So, the interest in the study of spin squeezing has been
growing further from the quantum information point of view [41]. The interest has also centred

around finding a spin squeezing operator in the lines of squeezing operator S(¢) for photons
defined in Eq. (1.77).

1.4. Organization of the Following Chapters

In Chapter 2 we present our work on the squeezing aspect of the eigenstate of a pseudo-Hermitian
operator with real eigenvalues. These days there is a growing interest in pseudo-Hermitian
operators as they play vital role in the context of non-unitary quantum mechanics [42]. The
eigenstate, which we studied is also very much significant in the context of quantum optics as
it represents a collection of two-level atoms interacting with the squeezed vacuum state of the
electromagnetic field. We bring out the inherent quantum uncertainty of the system represented
by the above state and analyse its squeezing properties.
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In Chapter 3 we develop two generic squeezing Hamiltonians, viz.,
Hy o J? (1.192)

and
Hy o< Jpdy + J,J, (1.193)

having lowest power of nonlinearity with simple structure and try to present the subject of
squeezing in two-level atomic systems from a general perspective.

In Chapter 4 we study the spin squeezing dynamics produced when one generic Hamiltonian,
that is, Ho, generates time evolution on an atomic coherent state. We first study a bipartite
system as it gives analytical results and then with the knowledge gained from there we proceed
to study the system of more than two atoms numerically.

In Chapter 5 we study the spin squeezing dynamics produced when the other generic Hamil-
tonian, that is, H, generates time evolution on an atomic coherent state. We take our system
as N two-level atoms interacting with the single mode of a dispersive cavity having high quality
factor and at thermal equilibrium.

In Chapter 6 we present the conclusion of the thesis and in Chapter 7 we present the scope for

further investigations.
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2. Spin Squeezing of the Eigenstate of a
Pseudo-Hermitian Operator

2.1. Introduction

In quantum mechanics we associate Hermitian operators with the dynamical variables, such that
the physically observable or measurable quantities can be represented by the corresponding real
eigenvalues or the expectation values of the operator over the relevant quantum state of the
system. However, a class of operators are known for a long time [1-6] which though non Hermitian
have real eigenvalues. A lot of effort have been made to find out the condition for the reality of
the eigenvalue spectrum of those operators and introduce them in quantum mechanics in order
to enlarge the scope of the subject [7]. Recently the underlying mathematical structure for the
reality of the eigenvalues of the non-Hermitian operators have been shown by Mostafazadeh in
his two papers [8, 9]. He introduced the notion of pseudo-Hermiticity and signified it's necessity
for the reality of the eigenvalues of a non-Hermitian operator.

An operator A is said to be a pseudo-Hermitian operator or more acurately an 7-pseudo-
Hermitian operator if

nAn~' = At (2.1)

where 7) is also an operator which is linear, invertible and Hermitian. The eigenvalues of a
pseudo-Hermitian operator are real or come in complex conjugate pairs. Thus, the property of
pseudo-Hermiticity is not sufficient for the reality of the eigenvalue spectrum of an operator.

We now present the sufficient condition for a n-pseudo-Hermitian operator with a complete
set of discrete biorthonormal eigenvectors to have all the eigenvalues real. The meaning of the
existence of a complete set of discrete biorthonormal eigenvectors of an operator say A is that,
there exists a set of vectors {|t,,), |#n)}, such that

A|wn> = Ean% (2'2)
Allg,) = Exlén), (2.3)
(Pm|¥n) = Omn (2.4)

39
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and

Z |¢n><¢n| =L (2.5)

The necessary and sufficient condition for a 7-pseudo-Hermitian operator with a complete set
of discrete biorthonormal eigenvectors to have only real eigenvalue spectrum is that it should be
possible to express the operator 7) as OO where O is an invertible linear operator [8, 9]. Details
are given in Apendix Ill.

In this chapter we deal with an eigenstate of such an operator which is of considerable interest in
the study of NV two-level atoms interacting with the squeezed vacuum state of the electromagnetic
field [15]. We show that the above mentioned eigenstate is an atomic squeezed state. We
introduce such an operator and the corresponding eigenstate in Section 2.2. In section 2.3
we express that eigenstate by introducing reduced Wigner d-matrix elements as this makes the
relevant calculations simple. In section 2.4 we derive the required average values, correlations and
the variances of the pseudo angular momentum operators to study the squeezing properties of the
above mentioned eigenstate. In section 2.5 we introduce the proper rotation of the system (as
mentioned in section 1.3 of chapter 1) represented by the eigenstate and analyse it's squeezing
aspect. In section 2.6 we continue our analysis to include the properties that arise due to pseudo-
Hermiticity of the operator that we study. In section 2.7 we discuss the physical significance of

the above mentioned eigenstate and we conclude the chapter in Section 2.8.

2.2. Pseudo-Hermiticity of the Operator A

In this Section, we introduce the pseudo-Hermitian operator
A = J,cosh€ +iJ,sinh & (2.6)

with £ as a real parameter and construct it's eigenstates with real eigenvalues [10, 11].
The rotation of the x — y plane about z-axis in the anticlockwise sense by angle # changes the

A

x-component of angular momentum operator i.e. J, as
J! = J,cosf + J,sinf = e 0 J 50 (2.7)
If we replace 6 by i& then

J. = J,cosi€ + J,sini€
= J, cosh & + ijy sinh &

I
>

= & Je, (2.8)
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Thus the operator A is nothing but a “hyperbolically” rotated J, viz. rotation through an
imaginary angle ¢ about the z-axis. We now show that Ais a pseudo-Hermitian operator. We

have,
At = e_szjgcegjz
e 2z o8z f =87z 260
= o %I\ %
= Ayt (2.9)
with /) = e %7=. Thus A is 7-pseudo-Hermitian . Moreover, 7) = e~ %= = ¢~¢J:¢=¢/: = O10

with O = e=¢7=. Therefore 7) is decomposable as OO with O as a linear and invertible operator.
Thus the eigenvalues of A are real.
We now construct it's eigenstates and for that we take a ket vector as e~*5/¥|j,m). When I

operates on it we have
jxe’i%jy\j, m) = e’i%jyei%jije’i%jﬂj, m). (2.10)

Using Campbell-Baker-Hausdorf lemma [see Apendix-I] we obtain

g5 = () [ () [ [ ]
2

J.
A T 2 m™21 - m\31 -
— J, —Jz—<—> —Jx—<—) g+
+2 2/ 2| 2/ 3! +
. ™21 AT m\3 1
[N I NG
2) | T ) T
= jx cosg—l—jz Sin —
= J. (2.11)
Therefore, Eq. (2.10) becomes,
jxe’i%jy\j,m> = e’i%jyjz\j,m>
= me’i%jy\j,m) (2.12)

Jv]j,m) is an eigenvector of J, with eigenvalue m. We now construct a
—iZJy

Thus the ket vector e~*2
state vector |U,,) by operating on e |7, m) by €57= where ¢ is a real and positive parameter
and by inserting a normalization constant A,, as e*’* not being unitary does not preserve the

norm. Thus

0, = Ape2e 59| jm). (2.13)



42 SPIN SQUEEZING OF THE EIGENSTATE OF A PSEUDO-HERMITIAN OPERATOR

We show below that |V,,) is the eigenvector of A with eigenvalue m. Operating on |W,,) by
A we observe that,

AW,,) = et jxe_gjzAmeEjZe_i%jﬂj, m)
= Apet e 55, m)
= mA,esei5 |7, m)
= m|¥,,), (2.14)
where we have used Eq. (2.12).
Thus, |U,,) is an eigenvector of A with eigenvalue m [15].

The biorthonormal state vector of |U,,) is constructed by operating on e~*%7|j, m) by e =5/

and inserting the constant NV, as
|D,,) = Nppe 727157 | jm). (2.15)
Proceeding in the same manner it can be shown that
A®,,) = m|®,,), (2.16)

implying that |®,,) is an eigenvector of At with eigenvalue m. We can also check that by chosing
N,, = 1/A,,, we have
(V| Pr) = S, (2.17)

where d,,,, is the Kroneker delta symbol. Hence, the states |¥,,) and |®,,) are biorthonormal.

For completeness of the above state vectors we see that

+ i
1 i, —iT - . JE] £
D W) (@l = Y An—e e B m) (jomle3 e (2.18)
m=—j m=—j m
As '
+7
>l m)(m| =1, (2.19)
m=——j

hence, Eq. (2.18) reduces to

Z' (W) (P | = 1. (2.20)

m=—j
Thus the set of state vectors {|V,,), |®,,)} form a discrete set of complete biorthonormal eigen-
vectors. Therefore, A satisfies the necessary and sufficient condition for having only real eigenvalue
spectrum and hence, inspite of the fact that it is non-Hermitian, it has only real eigenvalues.
We now proceed to represent the state vector |¥,,) by introducing the reduced Wigner d-
matrix elements as this form of |¥,,) makes the calculation of moments required to analyse the
squeezing aspect of |V,,) very simple.
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2.3. Representation of the State |V,,) in Terms of Reduced

Wigner d-matrix Elements.

The effect of rotation about y-axis by angle 3 on the physical system in the state |j, m) is given
by the application of the rotation operator I%y(ﬁ) as

gym)  — Ry(B)]j,m). (2.21)

Using Eq. (2.19) with the magnetic quantum number as m’ we can write,

RyB)jm)y = Y |im) (G, m'|Ry(B)lj,m)

m’:—j
=S @) (2.22)
m/=—j

The quantity dfn,m(ﬂ) is called the reduced Wigner d-matrix element [12] which is given as (with
h=1)

By (B) = (o' | Ry (B) |7, m) = (G, m|e™ ", m)

= ()" G +m) G —m)G+m)G — )]

§)2j—2k—m/+m( ,3)2k+m'—m

S1n 3

—1)*(cos
X Z | —m/ — ] — kW (m! — I’
El(j—m' — k)G +m—k)(m —m+k)!

(2.23)

The properties of Wigner d-matrix elements are discussed in Apendix V.
Now we represent the state |U,,) using the reduced Wigner d-matrix elements.

W, = Amesz ey |7, m)

4 o
— Al ST G (G e 3 m)

"
= Z &, IJ, ')
m'=—j

= A, Z &, 5m|3, . (2.24)

—J
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The normalization constant A,, is obtained by using the normalization condition (U, |¥,,) =1
as
+j . .
2 g(m +m’"\ g7 J NG o5 !\ —
s > 5 )l () 0 ) = 1

,] m//—,

or,
Apl? %k gl (D, (5) = 1.
| ‘,}:e (C)thyn(3)

Using the symmetry property and addition theorem of the reduced Wigner d-matrix elements we
obtain ( discussed in Apendix 1V)

+j
Al X' i~ () =1
[Anl mZ o () (5)
or,
AP d, (2i€) = 1
or 1 1
|Ap)? = ——— = —. (2.25)

dhm(2i€) A
Since the overall phase factor in a state vector is not important hence, we can consider
1 1

A = —— = (2.26)
B (2i€) VD
A can be obtained by putting # = 2i§ and m = m’ in Eq. (2.23) and we get
(cosh €)% (tanh &) (2.27)

A=d (2 —m)! .
m(2i6) = (G +m)}j zk:k' 2(j+m—k)(j —m—k)!

It is to be noted here that the quantity A = d/_(2i€) is the analytic continuation of the reduced
Wigner d-matrix elements for imaginary angle. We now proceed to calculate the average values,
correlations and the variances of angular momentum operators over the state |\,,) as these are

necessary for determining the squeezing aspect of the system.

2.4. Moments and Correlations for a System in State |V,,)
As |U,,) is an eigenvector of the operator A with eigenvalue m, we write

AW, = (J, cosh € +iJ, sinh )|¥,,) = m|T,,). (2.28)
The dual of the above is written as

(| AT = (U, |(J, cosh € — iJ, sinh &) = (T, |m. (2.29)
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Taking the scalar product of both sides of Eq. (2.28) by (V,,,| and equating the real and imaginary

parts we get,
m

‘Ijm Aa: \Ilm - 2.
(Ul 1o 0) = (2:30)
and
(W], | ,,) = 0. (2.31)
Taking the scalar product of Eq. (2.28) with it's dual i.e. Eq. (2.29) viz.
(U, |ATA| D) = m?, (2.32)

we obtain
cosh? (U, | J2|W,,) + sinh® E(W,,, | J2| W) + i sinh € cosh &(W,y| [y, ][ Vy) = m?
or,
cosh? E(,,,[ J2|W,,) + sinh? €(W,,,| J2P,,) — sinh & cosh &(W,,| ], ¥,,) = m?. (2.33)

Operating with A on both sides of Eq. (2.28) and then taking the scalar product with (J,,|
we get
(U, | A2, = m?. (2.34)

More explicitly it is
cosh® (U, | J2|W,,) — sinh® E( Wy, | J2|W,,) + i sinh € cosh E(W| Jpy + JyJo| W) = m2.
Equating the real and imaginary parts we obtain
cosh? (U, | J2|W,,) — sinh® E( T, | L2 ,,) = m? (2.35)

and
(Wl Jody + Iy Ja| W) = 0. (2.36)

This is one of the correlations needed to analyse the squeezing aspect of the state |¥,,). We
now calculate the remaining correlations and for that we operate both sides of Eq. (2.28) by J.

from left and then take the scalar product with (¥,,| and obtain
(| J.(J, cosh € + 4], sinh €)|W,,) = m(T,,|J.|T,,). (2.37)
Taking complex conjugate of both sides we obtain
(| (J, cosh & — iJ, sinh €).1.|¥,,) = m(¥,,|J.|¥,,). (2.38)

Adding Egs. (2.37) and (2.38) we have
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coshf(‘lfm|jzjx + jxj |W,,) + isinh &(W m\[jz, jy]\\llm) = 2m<\11m\jz|\11m>

or,
IR A s 2m 5 sinh ¢
(Wl L (Ul ) = S

(V) o O ).

(2.39)

Subtracting Eq. (2.38) from Eq. (2.37) we have

(Upn| [Tz, Jo) [ ¥, cosh € + i sinh £(W,,| ], T, + J.J,|¥,,) = 0
or,
(| J, | W) cosh & 4 sinh £(W,,|J, J. + J..J,|¥,,) = 0.
Using Eq. (2.31) we obtain

(Ul e + J.Jy | 0,,) = 0. (2.40)

To calculate (U,,|J.|¥,,) we proceed as below.

J\W) = LA, Zd Emlj, )

m/=—j

+Jj
; T m’ 3
= A D A (5)e ).

m/=—j

Taking scalar product by (¥,,| we obtain

+7
(Unl ) = |Anf? 3 S S DIt

7] m//—f

ey dﬁg,m<g>d£;,m<g>e%m’m'

m’:—j

_ Am2 Cl / E 2em’

d
_ |Am\2%d—§dﬁnm(2i§). (2.41)

Using Eq. (2.25) we obtain
1 dA
AL : :
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With this expression of (.J.) Eq. (2.39) becomes

m_1lda _ sinh& (2.43)

(Wl Sz 4 S S W) = cosh& A d¢ cosh? ¢

In the same manner it can be shown that

(Ul 210) = VA 8, (2)] = 12 (244
mlz 2 AN dE? ‘
Adding Egs. (2.33) and (2.35) and using Eq. (2.42) we get
5 m? 1 dA
W[ 2| W) = ——= 4+ — ¢ hé—=. 2.45
(ol Z210) = e + 75 tanh €5 (2.49
Subtracting Eq. (2.35) from Eq. (2.33) and using Eq. (2.42) we obtain
. 1 dA
(U] J2| ) = — cothfd—g (2.46)

The quantity % is expressed in suitable form. Differentiating once the expression of A as
given in Eq. (2.27) we obtain

% = tanh &0 (2.47)
with
D =2jA+2— 1 (2.48)
cosh“¢
where 7, is given as
(tanh £)2

m = (cosh €)% (j + m)!(j — m)! (2.49)

)'gk!(k:%—l)!(j%—m—l — k)G —m-1-k)!
To express d§2 in suitable form we use the differential equation satisfied by the rotation matrix
element Dfnm( ,3,7) familiar from the quantum mechanics of a symmetric top. The detail

discussion has been presented in the Apendix IV and here is the final expression as

d*A m2A dA
— =47+ 1A —-4—7F+2 th2— 2.50
T =0+ DA = 2ot 26T (250)
Using Eq. (2.47) this can be expressed as
d*A m2A cosh 2¢

—— —4j(j+ 1A -4

& (2.51)

+ .
cosh?¢ cosh?¢
Thus we have obtained all the necessary averages, correlations and variances of the angular

momentum operators over |¥,,). We now proceed to analyse the squeezing aspect of the state
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2.5. Squeezing Aspect of the State |V,,)

From Egs. (2.30), (2.31) and (2.42) it is evident that the mean angular momentum vector (J)
is not along the z-axis and lies on the z — z plane making an angle say 6; with the z-axis. As
mentioned in section 1.3 of Chapter 1, to determine whether the state |¥,,) is squeezed or not

~

we first align the vector (J) along the z-axis by performing a rotation as below.

j; = J,cosf, — J.sin 6, (2.52)
g =J, (2.53)
JA; = JAx sin 0y + JAZ cos 0, (2.54)
with .
tan 01 = < fc> . (255)
(J2)

This rotation makes (.J/) = 0 and since (.J,) is already zero as given in Eq. (2.31), the vector
(J) is now along the z-axis. We now observe the variances in J," and .J,/. As J! = J,, hence
the variance in J,' is the same as J,, i.e.

AT = \J{J2) = (J])
= \J(J2) = (J,)?
= AJ, (2.56)

As (J,) = 0 by Eq. (2.31), therefore,

. 1 A
AJ? = (J2) = 1A cothfcfl—f = AJ,? (2.57)

where we have used Eq. (2.46).
On the other hand since (J') = 0, the square of the variance in .J," is given as

AJ? = (J?). (2.58)
Therefore, using Eq. (2.52)
AJ,” = <j§> cos? 6, + <jf) sin? 0, — (jsz + jzjx> sin 0, cos 0;. (2.59)

Using Egs. (2.43), (2.44), (2.45) and (2.55) etc. we obtain



2.5 SQUEEZING ASPECT OF THE STATE |V,,) 49

2 2 2
AP [ m +umh§<£)

cosh? ¢ 4 A
2

<tanh2§)2(£)3+j(j+1)m2_ m* T
4 A cosh? ¢ 4 cosh* € A
m

alrerd (2.60)

It is to be noted that since % is symmetric about m = 0, which can be verified from the Egs.
(2.27), (2.48) and (2.49), the quantity AJ," is also symmetric about m = 0. For m = +j we
have ,

ALQ:AQQ:%. (2.61)

We observe that they are independent of the squeeze parameter £ and the corresponding state
is in @ minimum uncertainty state. However, for |m| < j, we show that the state |V,,) is a

squeezed state. For 5 = 0 we observe that
AJ 2 AJ & _1 ( ‘ 1) — 2 2 62
r y 9 JJ+ ) moi, ( : )

which is the same as that for the Wigner state |j, m). This is expected since, £ = 0 represents a
thermal field which do not bring any squeezing at all.
To calculate the amount of squeezing we define two parameters S and () as

@) (269)
and
Q= iAJ ! (2.64)
(" '

If the system has squeezing in the x’-component then the quantity S goes below 1 and if it

~

has squeezing in the y’-component then ) goes below 1. The quantity (J) is the mean angular
momentum vector as discussed in section 1.3 of Chapter 1. Using Egs. (2.30), (2.31) and (2.42)

A

we get the magnitude of (J) as

- A2 A2 £\ 2 m? 1 IE
J)| = = |——— + —tanh*¢[ — : 2.
0 = VO "4 0 = | o+ Jrame () | (2,69
We now analyse the squeezing in y’-component. Using Eqgs. (2.57), (2.64 and (2.65) we can
write )
1 3
o-| | (2.66)

4m2 A2 2
\/F2T03h2§ + tanh f
If squeezing is to be present in the 1y’-component then for at least some range of &, () should
achieve value less than one. For this purpose the denominator in the above expression should
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go above one in that range of £&. We therefore, concentrate on the denominator of the above
expression which is

4m2A? !
D= | ———— +tanh*¢ | . 2.67
I'2 cosh? € ¢ (2.67)
If D > 1 then D* > 1. Now ) o
4m*A
4 2
= ————— +tanh”§. 2.68
I'2 cosh? ¢ g (2.68)
To find out whether D* > 1 we see whether the quantity 1 — D* is negative or not.
Now
4m?2A*
LoDt oo o AmA e
I'2 cosh” &
B 1 ] 4m2 A2
~ cosh?¢ I?
1
= ———— | " —4m’A®
I'2 cosh” &
1
= — | I'=2mA '+ 2mA |. 2.69
I'2 cosh? ¢ { } [ } (2.69)

We first deal with the case m > 0. Using Eq. (2.48) we get

Ui

I'-2mA = 2jA+2 —2mA
" J cosh?¢ "
. T
= 2(j—m)A+2 . 2.70
G-m+2 (270)

Since m < j, hence (j —m) > 0 and also the quantities A and 7, are positive which is
prominent from Egs. (2.27) and (2.49). Therefore, the quantity (I' — 2mA) is positive. The
quantity (I' +2mA) is already positive as we have assumed m > 0. Therefore for m > 0, 1 — D*
is positive.
For m < 0 we let
m=—m/ (2.71)

with m’ > 0 and hence Eq. (2.69) becomes

1
4 __ / /
1-D —F2cosh2§{F+2mA} {F—QmA} (2.72)

As m > —j, hence m’ < j and hence like the previous case I' — 2m/A > 0, implying 1 — D* as

positive. Therefore, for both m > 0 and m < 0 we have

1-D*>0 (2.73)
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FIGURE 2.1: Variation of S as a function of the radiation field squeeze parameter ¢ with j = 20. S
and £ are plotted on the vertical and horizontal axes respectively. Note that S > 1 for £ = 0.

'm=1Q’ ~—-----
'Mm=15" -

FIGURE 2.2: Variation of [(J)| as a function of the radiation field squeeze parameter ¢ with j=20.
|(J)| and & are plotted on the vertical and horizontal axes respectively.
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and hence we have
Q> 1, (2.74)

implying no squeezing in the y’-component.

To detemine whether there is any squeezing in the z’-component we plot S as a function of £ in
Figure 2.1. We notice from the figure that S has a very high value at £ = 0 and then it decreases
very rapidly and goes below 1 with increase in £. It reaches a minimum and then again increases
slowly towards 1 with further increase in £. As & — 00, S — 1. We have taken j = 20 and
plotted three graphs corresponding to m = 1,10 and 15. We notice that as the difference j —|m|
increases, the minimum value of S also decreases below 1, implying increase in squeezing. That
is bigger is the difference between j and m, larger is the squeezing. The reason behind this is
that the correlations among the individual atoms (spins) [13] which are responsible for producing
squeezing, are proportional to 72 — m?2. As the difference between j and m increases, the factor
j2 — m? increases and hence the atomic correlations increases and consequently the amount of
squeezing also increases. For m = 0 the squeezing becomes maximum and then decreases with
increase in |m| and finally vanishes at m = +j.

We have calculated the correlations in primed components also which are as below:

(JoT + T T = 0, (2.75)
(JIT.+JJ) = 0 (2.76)
and
A A I m?2
JI gy = I tanhe|— 44 277
<xz+ z:c> COShf an 6 A_'_{COShQS ( )
tanh?¢ /T \?) ' ((2cosh?¢ — 1
+ 2 5(—)} {( cosh™¢ — 1) (2.78)
4 A 4 cosh” ¢
I'\2 I m2
) — D)~ — 4, 2.
% (A) iU+ )A+cosh2§}] (2:79)

We observe that the rotation of the physical system does not introduce any new correlation or
destroy the existing one. It only changes the mathematical form. It is to be also noted that the
non-zero correlations both in the primed and unprimed components vanish for & = 0.

In Figure 2.2 we plot |(J)| as a function of £ and note that as £ — oo, [(J)| — 2j. We can
observe this from the expression of |(J)| given in Eq. (2.65). We see that when £ = 0 |(J)| = m.
As ¢ increases the first term in the braket in Eq. (2.65) decreases. From Eq. (2.27), (2.48) and

r

(2.49) we find that as £ — oo, 5 — 2j and hence \(j)| tends to 2j as £ tends to co.

We have studied the variation of the uncertainty product

2
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with respect to £ and found that in the range of £ where S is much below 1 the quantity U is

greater than 1 and as £ increases towards infinity U tends to 1.

2.6. Squeezing Aspect of the State |D,,)

As given in Eq. (2.16), |®,,) is an eigenvector of Af. It is easy to see that we obtain Af from

A and |®,,) from |¥,,) by using the transformation & — —&. Therefore, the average values of

the angular momentum operators and their correlations over the state |®,,) are related to those

with respect to |,,) by the same transformation i.e. £ — —¢. Therefore we have

and

(D] Sy +

From Eq.

(O | Tody + | P
(Dl Ty, + T T, | D,

(@l I3 |21

)
(@l T2 |21)
)
)

5 m
= (Wl W) =0, (2.82)
. 1 dA
- 2 1 dA
— (U, |20, = — 4 tanh 2 2.84
(720, = Dot p b (254)
. 1 dA
= (Ul 5| ¥m) = 1% A COhE e (2.85)
= (0| J2|T,) (2.86)
= (V| Jody + Ty Ja|Um) = 0 (2.87)

m 1 dA sinh &
S B O )
“looshen i Meomnle) (289

(2.57) and (2.60) we see that the variances in j; and J/ remain same under the

transformation £ — —¢ and hence the variances in the above operators over the state |®,,) are

and

AJ? = [

AJ?

4

tanh®& (T
A

1 dA

= (J2) = — R cothé— = AJ”? (2.90)

dg

-1
(tanh2§)2(£)3+ jG+ym*  m? T
4 A cosh? & 4 cosh® € A

(2.91)

:
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respectively. As it is evident from Eq. (2.65) that the magnitude of the mean angular momentum
vector also remains same under £ — —¢ hence the squeezing aspect of the state |®,,) is same
as that of |¥,,).

2.7. Physical Significance of the State |V,,)

The dynamics of a collection of N-two level atoms interacting with a squeezed vacuum state of

the electromagnetic field is given by the master equation [15]

L= = A+ Ddp =2 pls 4 plid)
— n(J_Jep =20 pJ + pJ_J.)
— YM(JpJyp =20 pJy + plidy)
— AM(J_J_p—2J_pJ_+ pJ_J_) (2.92)

where p is the reduced density operator for the atomic (spin) system obtained after tracing over
the squeezed vacuum. j+ and J_ are the raising and lowering operators for angular momentum
states with the angular momentum quantum number j = % «v is the usual atomic decay constant
in the ordinary (un-squeezed vacuum). n is known as average photon number of the squeezed
vacuum and is given as

n = sinh?r (2.93)

where r has been assumed to be a real and positive parameter, which is called squeeze parameter
for the radiation field and
M =n(n+1). (2.94)

For r = 0, the atomic system interacts with the ordinary vacuum of the radiation field. Defining

a non-Hermitian operator A as

A= [j, coshr + J, sinh r} /V2sinh 2r (2.95)
such that
J = [[\ coshr — Af sinh r} V2sinh 2r (2.96)
the Eq. (2.92) can be casted in the form
dp W As— 2AsAT - sATA] &
i —2 [A Ap — 2ApAT + pA A} sinh 2r. (2.97)

The steady state solution of this equation is

p=DAHAN, (2.98)
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where D is a constant. Here we have assumed that A~! exists. Using the substitution
e* = tanhr (2.99)
(¢ is a real positive parameter) in Eq. (2.95) we obtain
A = J,cosh€ +iJ,sinh & (2.100)

which is Eq. (2.6). We have studied its properties in detail in previous sections. Since j = % Jis
an integer when N is even and one of the value of m is zero. When m is zero the corresponding
eigenvector of A is |Uy) satisfying

A|Wg) = 0]Fp) = 0. (2.101)

If we let

p = 1To)(Wol, (2.102)

then we see that p becomes one of the steady state solution of Eq. (2.97). Thus, a pure

state solution of Eq. (2.97) is |¥y). For odd number of atoms the solution of Eq. (2.97) is

found from Eq. (2.98) which is as follows. Inserting the identity operator Zilzfj |V ) (| =
7| Pn) (¥, =1 into Eq. (2.98) we obtain

n=—j

+j +j
p=DAT D" W) (@ | (AT [@,)( W, (2.103)
m=—j n=—j
Since
AlW,) = m|¥,,)
we see that
AAID,) = mATH W) (2.104)
or,
R 1
A YD, = =|T,,). 2.105
V) = — W) (2.105)

Similarly since,

Al @) = m|®,,)

we see that
. 1
(AHTH®,,) = —|®,,). (2.106)
m
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Using Eq. (2.105) and (2.106) in Eq. (2.103) we obtain

+Jj
= DY @] Y (B,

m=—j n=-—j

= DY S W)

= D> Z'%«Dm\@n)l%)(%l. (2.107)

Thus we see that the steady state solution of Eq. (2.97) is obtained from |V,,). The pure
state solution is |¥,) and the mixed state solution is given by Eq. (2.107). Therefore, we say
that |¥,,) represents a collection of two-level atoms interacting with a squeezed vacuum of the
electromagnetic field.

2.8. Conclusion

We have studied the squeezing aspect of the atomic state |¥,,) in a proper frame in which the
fundamental and inherent uncertainty of the system was extracted out. We observed that the
state |U,,) is a squeezed state.

When a system of two level atoms interact with the squeezed vacuum of the electromagnetic
field, the system goes to a squeezed state and the resultant collective state vector is given by
|W,,) which is the eigenvector of a non-Hermitian operator A=J, cosh§+ijy sinh &, having real
eigenvalue spectrum. We have given the underlying mathematical reason for the reality of the
eignvalue spectrum of A. The relevant reason is nothing but the property of pseudo-Hermiticity
satisfied by A. Since the squeezing of a system of atoms is experimentaly observable now a days
, we hope that the concepts of pseudo-Hermitian operators which are widely recognized recently
in the context of non unitary quantum mechanics, get a connection with a real physical example
from the domain of quantum optics.

We have expressed the state |V,,) involving the reduced Wigner d-matrices for making the
necessary calculations simple and as a consequence have introduced the analytical continuation
of the d-matrices to imaginary angles.

Wineland et al [14] and Agarwal and Puri [15] investigated the spectroscopic squeezing of the
atomic systems interacting with a squeezed radiation field by introducing a parameter R which
is related to S in Eq.(2.63) by the relation

R= /%5 2.108
(D (2109
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F1cURE 2.3: Comparison of spin squeezing S with spectroscopic squeezing R. Both S and R are
plotted on the vertical axis as a function of £ on the horizontal axis with j=20 and m=L1.

We see that whenever [(J)| = j , R = S. When j > |(J)| (which may be the case in dissipative
system), the system may not show spectroscopic squeezing even if S < 1. We give a comparison
in Figure 2.3 between R and S and observe that the difference among them is very small for the

present system.
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3. A Generic Spin Squeezing Operator

3.1. Introduction

It is well known that squeezing can be achieved in an atomic system, initially in a coherent
state, when the atoms are made to evolve under nonlinear optical interactions. One method
of obtaining nonlinear interaction between atoms and radiation field is to use the interaction
Hamiltonian, inherently nonlinear in spin operators. It is possible to construct many such nonlinear
Hamiltonians which can produce squeezing, however, the interest lies in obtaining a generic spin
squeezing Hamiltonian which though nonlinear, has the simplest structure and serves to study
the aspects of squeezing from a general point of view.

In the previous chapter we studied a pseudo-Hermitian operator A whose eigenstates are
squeezed atomic states. We pointed out that this operator appears in the case of N two level
atoms interacting with the squeezed vacuum state of the radiation field. In this chapter we try to
develop a generic spin squeezing Hamiltonian which though nonlinear in spin operators has the

simplest structure. We proceed in analogy with the squeezing mechanism of the radiation field.

3.2. Spin Squeezing Operator

We begin with a very brief review of the squeezing aspect of the radiation field states as our
quest for obtaining a generic squeezing operator for the atomic system goes in analogy with that
for the radiation field.

The coherent state for the radiation field, also known as the Glauber-Sudarshan coherent state

[1, 2], is given as
o) = D(a) [0) (3.1)
= exp(aal — a*a) |0) , (3.2)
where « is a complex parameter and |0) is the vacuum state of the radiation field. The operators
@ and a' are the annihilation and creation operators respectively for the radiation field states

satisfying
[a,a] =1 (3.3)
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and ﬁ(a) is the well known displacement operator.
The squeezing operator in this case is given as [3]

S(¢) = exp Ew - c*éﬁﬂ : (34)

where ( is another complex parameter. According to Yuen's representation for the squeezed
state [4], the operator S(¢) when acts on |a) produces a squeezed state |STE) (STE stands for

squeezed state of the electromagnetic field) of the field as
ISTE) = §(C) |a). (3.5)

Our aim is to obtain a generic squeezing operator for the atomic system which can squeeze a
system of atoms initialy in a coherent state in the same way as S'(C) squeezes |a), though the
algebra of the spin operators is quite different from that of the annihilation and creation operators
for the field states.

We first express the atomic coherent state |7, x) in the analogous form as that in Eq. (3.1) for
the field coherent state. That is we want to find an operator say D(j, X) (with x as some complex
parameter) such that D(j, X) acting on a vacuum state produces the atomic coherent state |7, x).
For this purpose we take the help of Scwhinger representation of angular momentum operators [5].
In Schwinger representation we define two kinds of bosonic annihilation and creation operators
a; and &Z(i = -+, —) respectively, corresponding to two uncoupled harmonic oscillators, one say
is of plus(+) type and the other say is of minus(—) type, such that

[a;. al] = & (3.6)
and
[@:,a;] = 0 = [a], al]. (3.7)

If we construct operators j+ and J_ as

J, = hata_, (3.8)
J_ = ha'a, (3.9)

and .
J.=5h [aha, —ala ] (3.10)

then it is found that j+,j_ and J, satisfy the same commutation relations as the angular
momentum operators. The atomic coherent state in this representation is written as
1 2
LX) = N U (@) @h)@ 04, 0o 3.11

— D(x) 105,0.) (3.12)
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where |04,0_) is the vacuum (fictitious) state for the two kinds of oscillators. The details have
been presented in Apendix Il. We see that Eq. (3.12) looks similar to Eq. (3.1) and thus we can
say that the operator ﬁ(j, X) for atomic coherent state is analogous to the operator D(a) for the
radiation field coherent state, though their interpretations are quite different from one another.
We now develop the spin squeezing Hamiltonian for the atomic system. We consider, keeping
in mind the quadratic form of the bosonic operators in Eq. (3.4), the most general quadratic form
of the angular momentum (pseudo-spin) operators. This has the form JiJ), which is a second

rank tensor and can be reduced in the following manner.

R B
JiJ, = §(<]l<]k+=]k<]l)_§5lk<]2]

L B
+ §(J1Jk — JiJ1)

_'_

1 o
g@hﬂ]. (3.13)

The first term in the first square bracket is a symmetric traceless second rank tensor and has
five independent components. The first term in the second square braket is a second rank

antisymmetric tensor which by virtue of the commutation relation
[Jl, Jki| = iﬁlkzsr]s (314)

can be expressed in terms of a vector representation. The last term in the square brackets
involving J2, is a scalar. This is tantamount to the reduction of the direct product of two vectors
as

303=5®3d1. (3.15)

Thus the quadratic of spin operators JiJj, can be decomposed into the sum of three operators

with the trace
> Jidiou, = J* (3.16)

yielding a mere overall phase, the antisymmetric tensor part just a rotation and the symmetric
second rank tensor part yielding the nontrivial squeeze. Since the different components of the
quadrupole tensor are related to each other by rotations, the generic squeezing Hamiltonians with
very simple forms for the atomic system can be chosen, for example, the fiducial quadratic forms

~ A A A A 1 A ~

and
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where g; and g, are real parameters. Thus the squeezing operators can be constructed out of

these Hamiltonians as

Uspin = eXp(_iHspint/h) = €exXp | — iglt(j:cjy + jij)/h]
= oxp | — git(J} - JAE)/(%)}

= exp [3(JE - 12), (3.19)

where v = —¢;t/(2h) and
— exp [— wjj}, (3.20)

where 3 = got/h.

To keep form analogy with the squeezing operator for the radiation field in Eq. (3.4) we
consider the generic spin squeezing operators for the atomic systems by slightly modifying Uspm
in Eq. (3.19) by inserting a complex parameter 7 in place of the real parameter ~y as

Sopin(1) = exp (nji - n*J?), (3.21)
and
Slin(B) = Ulpyn = oxp | — 18.72). (3.22)
Thus, if |SSS) represents the spin squeezed state or atomic squeezed state then
§88) = SmD(x)[0+,0-) (3.23)
= S(n)lj, x) (3.24)
(3.25)
and also
555) = S(8)D(j. x)|0+,0-) (3.26)
= S(8)l3.x). (3.27)

This is indeed the case which is evident from the following analysis.
The possible types of quadratic Hermitian Hamiltonians which can be constructed out of the

three basic spin operators JAx jy and jz are

H o J2, (3.28)
o, o J2 (3.29)
Hy « J2 (3.30)
Hy o Jody+ JyJa, (3.31)
Hs o J,J.+ J.J, (3.32)
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and
Hg o< J,Jy + Jy .. (3.33)

Since the spin operators J; jy and JAZ are connected to each other by rotations as

¢E v J, e = (3.34)
¢isle J el = (3.35)
¢5l: J, 5 = (3.36)

the Hamiltonians f[l, flg and flg are also related to each other by rotations as

5l [T o5 = (3.37)

¢3 Hy 8 = (3.38)
and

'3 H, e7137 = Hj. (3.39)

Therefore, it is sufficient to study the dynamics produced by any one of the three Hamiltonians
H,, H, and H;. The results of the dynamics produced by any one Hamiltonian, can be used
to obtain the results of the dynamics produced by the other Hamiltonians by using the rotations
mentioned in Egs. (3.34) to (3.36).

Regarding the next three remaining Hamiltonians in Eqs. (3.31), (3.32) and (3.33) we see that
they are also mutually related to each other by rotations given in Egs. (3.34), (3.35) and (3.36)

as
€Z%jy H4 G_i%jy = fi5, (340)
i3 [, i3 = F, (3.41)
€Z%jT f{6 €_i%j'r = fi4. (342)

Therefore, like the earlier case, it is sufficient to study the dynamics produced by any one out of
the three Hamiltonians f[4, f[g, and flﬁ.

We study the dynamics of an initially prepared coherent state under the influence of the Hamil-
tonian in Eq. (3.31) in the next chapter. The spin squeezing dynamics due to the Hamiltonian
in Eq. (3.30) is dealt in Chapter 5.
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4. Spin Squeezing by a Hamiltonian
Having the Form jg;jy + jij

4.1. Introduction

In this chapter, we consider spin squeezing produced by the Hamiltonian

~

Hypin = g1(Jody + J,J)
]' 72 72

S — 4.1
Qigl(h JZ) (4.1)

generating time evolution on a system of N two-level atoms initially in a coherent state [1]
1 =
JX) = ————= > VIC. X" lim=j—n), (4.2)

(1+ x2)" =0

where x is a complex parameter, refer [Chapter 1, section 1.3, Eq. (1.113)]. This state can be
prepared by sending the atoms through a cavity whose single mode is maintained by the radiation
from a laser. The time evolution operator corresponding to the above Hamiltonian in Eq. (4.1)
is
0spin = eXp(_Z[:[spznt/h)

— exp [— qt(J? — J2) /(2h)}

= exp [4(J2 - 7)), (4.3)

where v = —g1t/(2h). To see the spin squeezing dynamics produced by the above Hamiltonian
on an initial atomic coherent state, we have to apply the above operator on the state |j, x) and
then analyse the squeezing aspects. But as the spin squeezing operator, considered by us in
Chapter 3, corresponding to the above Hamiltonian in Eq. (4.1) is

~

Sspin('r]) = exp <7]j<2f - n*j3>7 (44)

we concentrate on the action of S, (17) on the state |, x).
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For the sake of simplicity we first consider the action of S'Spm on a coherent state for two
atoms (bipartite system) only in section 4.2. This gives analytical results and presents a deeper
insight into the subject. In section 4.3 we study the case of more than two atoms numerically.
The possibilities of physical realization of the operator Sspm has been dealt in section 4.4 and

the conclusion of this chapter has been presented in section 4.5.

4.2. A Two Atom System

4.2.1. Derivation of the Expression of Coherent State for Two Atoms

The coherent state for two-atoms (j = 1) is obtained by putting j = 1 in Eq. (4.2) which yields

. 1 9
\]:1,X>:m[\1,1>+\@x|1,0>+x 1, -1)]. (4.5)

This is a linear superposition of the three Wigner states with 7 = 1 and m = 1,0, and —1

A

respectively. We apply the operator S, (1) given in Eq. (??) on this state vector such that,

Lo = S@)ILx) (4.6)
(073 =72 I1,+1) + V2x[1,0) + x*|1, - 1) |. (4.7)

el
= e —
(1+ Ix]?)
To evaluate this expression we have to know the action of the operator S(n) on the states
1,1),]1,0) and |1,—1). We therefore, now proceed to find out the action of S(1)) on these
states one by one. First we want to calculate

S()|1, —1) = el 721 1. (4.8)
Now, R R
ey = {1 + (g2 =0 J?) + (3 _2'77*‘]3>2 fo } 11, —1). (4.9)
We can check that
(nji - n*ji) I1,—1) = 251, 1). (4.10)

Using this equation we can get,
A 0\ 2 A A
<7]J_2F — n*JE) I1,-1) = <7]Ji — U*JE)QU‘L 1)
= —2’|pP[1, -1). (4.11)
Using this we can obtain,

A e\ 3 A A
(nJi—n*JE) 1,-1) = (nJi—n*J3)<—22\77\2)\1,—1>
= —2%nPnl1,1). (4.12)
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In the same manner, using the above equation we can obtain
. A\ 4 . .
@ﬁ—ﬁﬁ)m4>= @ﬁ—ﬁﬁﬂ—?W%Wﬂ>
= 2|1, -1) (4.13)

and so on. Therefore, using the above equations we can evaluate the action of S”(n) on [1,-1)

as shown below.

(O I 1y = [1 2= )+ (nJ? _2!77*j3)2 L ] -
:\Lqﬂmm@—fmmﬁn
- 227!7)|2n|1, 1) + 22'3!74‘ 1,—1) + ...
_ P-—QTJP-+2?SF-%“}H,—1)
%—%gPW—?y{MMLD
= cos2|77||1,—1)+\/gsin2|77||1,1>. (4.14)

In similar fashion we can now evaluate the action of the operator 5*(77) on [1,1). We have,

(02 = J2)?
2l

ewawﬁaHJ>:[1+@ﬂ3_nnﬁy+ +m}uJy (4.15)

We can check that,

(92 = 22) 11,1 = 2971, -1). (4.16)

Using this we can have,

A 2o\ 2 A A
(2 =m22) 1L = (w2 = J2) (=20t -1)
= —22p)|1,1). (4.17)
Using this we have,

A a0\ 3 ~ n
(072 = 2) 111y = (0d2 =t 22) (=2 L. 1)
= 2Pyl -1). (418)
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Using this we have,

A o\ 4 A A
(02 = 32) 1) = (nd2 = 2) @ o)1, 1)

= 2'p|"|1,1) (4.19)
and so on. Using these results we can now write the action of S(1)) on |1,1).
L - R R J2 — pn*J2)2
eI = 14 (2 = J?) + (15 2,77 -) + 1, 1)
' ; 2%|n|? 2% |n[*n* 24 *
= _‘1,1)—277 11, —1) — o1 11,1) + 3l |1, —1) + 1 I1,1) + ...
2P 2l
= -5+ +....]|1,1>
- 23 2,0%
T ‘g" Ty } 1, 1)
I ! -
= cos2|n||1,1) — ]/ —sin2|n||1, —1). (4.20)
n
Now as
(n2 = n"J2)11,0) = 0 (4.21)
therefore, the action of S(n) on |1,0) is as below
s R R j2 . *jQ 2
M=) ) = [1 + (2 = 7?) + (nJ; 2'77 -4 Loy
= [1,0). (4.22)

We can now add up the action of S(1) on the states |1, —1),]1,0) and |1,1) and thus, Eq.

(4.7) evolves to

where

and

11,x.m) = Sm)I1,x)
== 01‘17+1>+CZ|LO>+C3‘17_1>

1 5 .
Co = e Lol + Vi sl
o V2x
G
1

Cy = X cos(2fn]) — v/ sin(2ln])|.

(1+1[xI?)

(4.23)

(4.24)

(4.25)

(4.26)



4.2 A Two ATOM SYSTEM 73

That is, the state |1, x,7) is also a linear superposition of the three Wigner states, |1, —1),|1,0)
and |1, 1) with the coefficients given by the above three equations. Since the operator 5’(77) is

unitary and the state |1, x) is normalized the state |1, x, ) is also normalized i.e.,

(Lx,mlL,x,m) = 1. (4.27)

This implies
|C1” +|Cof” +|C5)° = 1. (4.28)

We now proceed to calculate the moments and correlation functions of the angular momentum
operators for this state |1, x, 7).

4.2.2. Moments and Correlations for the State |1, x, )

For simplicity we assume that the quantities x and 7 are real and due to this the expressions of
the coefficients Cy, Cy and C given in Eqgs. (4.24), (4.25) and (4.26) reduce to

1
c, = m [cos 21 + x*sin 277] , (4.29)
V2x
1 9 )
C3; = =) [X cos 21 — sin 277} (4.31)
and Eq. (4.28) acquires the form
Ci+Cy+C3=1. (4.32)

4.2.3. Calculation of (1, y,n|J,|1,x,n) = (J,)

We know that
J= = <J+ + J,). (4.33)

Therefore,

— Re(J}). (4.34)

As the coefficients C'}, Cy and Cj are real the quantity (j+) is also real and we have

A

(Jo) = (). (4.35)
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Hence, we now show the calculation of

(Jp) = |C1{1,1] + Cy(1,0] + Cs(1, —1| | J4

01‘17 1) + CZ|1aO> + 03‘17 _1>]

= O (1, 1] + Co(1,0] + Cs(1, =1 | [V2C,|1,1) +V2C5|1,0)

- V2 (0102 n 0203). (4.37)
Using the expressions of C, Cy and Cj3 as given in Eqgs. (4.29), (4.30) and (4.31) we get
7 2x 2 2\ o
Therefore, 5
3 X 2 2\ o
( $>:m[(1+x)cos2n—(1—x)sm2n] (4.39)

4.2.4. Calculation of (1,X,n|jy|1,x,n> = (jy>

We know that

J, = %(L - A_). (4.40)
Therefore,
Gy = 5 (1) =10
= (0 -1)
= Im({J,). (4.41)

We have already seen from the previous subsection that due to the choice of the coefficients

C1,C5 and (5 as real the quantity <j+) is also real having no imaginary part and therefore,

(J,) =0. (4.42)

4.2.5. Calculation of (1, y,n|J.|1,x,n) = (J.)

(L) = |C1{1,1]+ Co(1,0] + C5(1, —1|| J.

Ci|1,1) + Cs|1,0) + Cs1, —1)]

= |Ci (1,1 4+ Co(1,0] + C5(1, —1]

C’1|17 ]-> - 03‘]-7 _1>]

= éf —C3. (4.43)
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Using the expressions of C, Cy and Cj as given in Egs. (4.29), (4.30) and (4.31) we obtain

<jz> - !

m |:(1 — X4) COS 47] + 2X2 sin 477:| . (444)

4.2.6. Calculation of (1, y,n|J2|1, x,n) = (J?)

<jz2> = |Ci(1, 1] 4+ Cx(1,0] + Cs(1, —1] jz2

01‘17 1) + CY2|1a0> + 03‘17 _1>]

- 01<1,1‘+02<1,0|+03<1,—1|

Ci|1,1) + Cs1, —1>]

= C}+C5. (4.45)
Using the expressions of C'y, Cy and Cj as given in Egs. (4.29), (4.30) and (4.31) we obtain
- 1+ x*
2y = —S 4.46
< z> (1 + X2)2 ( )

4.2.7. Calculation of (1,,7[J?|1, x,n) = (J?)

(J% = |C1{1,1] + Cy(1,0] + Cs(1, —1] | J?

Ci]1,1) 4+ (|1, 0) + Cs]1, —1>]

= Cl<1,1‘+02<1,0|+03<1,—1|

- 2(012 +C2+ cg). (4.47)
Using Eq. (4.32) we obtain

2C4|1,1) + 2C5|1,0) + 2C5]1, —1>]

(J?) = 2. (4.48)
4.2.8. Calculation of (1, ,7n|J2|1, x,n) = (J?)

S%)Q (o) (Je+)

(j_'i TRy R B j_j+). (4.49)

We know that

72
Jx

Now,

2 jQ). (4.50)
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Therefore, Eq. (4.49) becomes,

2 = i(ji +2) + %(JZ - 72). (4.51)
Therefore,
(2= () 5 () - )
= () + )+ 5 () - 1)
= S (RelB2)+ ()~ (). (452)

From Eq. (4.52) we see that to calculate (J?) we need to calculate (J2). As C, Cy and Cj
are real, therefore,
Re(J?) = (J3).

Hence we now show the calculation of (JZ>

<j42r> = |Ci(1, 1]+ Cx(1,0] + C5(1, —1] j?r 01‘171>+CZ|130>+C3‘17_1>]

= |C (1,1 4+ Co(1,0] + C5(1, —1] | 2C5]1, 1)

— 20,Cs. (4.53)

Using the expressions of C and Cj as given in Egs. (4.29) and (4.31) we get

- 1
J2) = [ 2 cos i+ — (1 ") sindy . 4.54
() = e 2 cosdn & = (1= X sindy (4.54)
Using this expression of <JA_2F> in Eq. (4.52) and using Eqgs. (4.46) and (4.48) we obtain
A 1 1 1
2y _ 2, .2 4 -
<J$> = 5 + m [X + X~ cos 477 + é(X - 1) S 47]] (455)

4.2.9. Calculation of (1,X,n|j5|1,x,n> = (jj)

We know that

52032, 32 32
Jp+J,+ I =J% (4.56)
Therefore,
(T = (T = (J2) = (J2). (4.57)
Using Eq. (4.46), (4.48) and (4.55) in the above equation we obtain
A 1 1 1
2 2 2 4 -
(Jy)=§+m[x —X cos477—§(x — 1) sin4n]|. (4.58)
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4.2.10. Calculation of (1, x,n|J,.J, + J,J.|1,x,n) = (JpJ, + J,J,)
We know that
L@+@L::fKL+iXL—iy%L—iXL+iﬂ
zéxﬁ_ﬂ) (4.59)
Therefore,

(Fody + T, ) = %@ﬁywﬂ»

= 5 (=)

]

= Im{J?). (4.60)

As the coefficients C'y, Cy and Cf are real hence the quantity (JZ> is also real an so its imaginary

part is zero, implying

>

(Jody + J,Je) = 0. (4.61)

o d. 4+ J.d, = %[(Aﬁi) T+ L(A++JA—)}
- %( o J. + Jody + I J + JZJL). (4.62)
Therefore,
(oot e = 5((0d) + (i + (T2 + (1.0 ))
= (W) + ) 4 (L ()
= Re(J J.+ J.J.). (4.63)

As the coefficients C', Cy and C} are real the quantity (j+jz + jzj+) is also real and we have

A

(Jodo + T gy = (Jpd, + J.J, ). (4.64)

We now show the calculation of (J,.J, + .J..J,).
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(Jod,+ 1J0) = |G, 1]+ Co(1,0] + Cy(1, —1| (;JZH; +)

01‘17 1) + CZ|1aO> + 03‘17 _1>

- V2 (0102 . 0203).

= |01, 1]+ Co(1,0] + C5(1, —1| [ — V2051, 0) + V20,1, 1>]

(4.65)

Using the expressions of C, Cy and Cj as given in Egs. (4.29), (4.30) and (4.31) we obtain

PN PN 2
(Jpd, + JJy) = (1?12)2 [(1 —x?) cos2n + (1 + x?) sin277].
Therefore,
a5 s 2x .
(Jod: + J. x):m[(l—X2)008277+(1+X2)SH1277]

4.2.12. Calculation of (1, x,n|J,J. + J.J,|1,x,n)

I
—
<
N

+
N
<
~

We know that

Therefore,

L) (Ly) — (T L) —

= Im<j+zjz+jzj+>

T~
<
N
+
o
< >
S~
[

| =

| —|
T~
+ >
>

>

>

N >
>

T
*

—_

(4.66)

(4.67)

(4.68)

(4.69)

We have already seen in the previous subsection that due to the choice of the coefficients C;, C5

and Cj as real the quantity (J,J. + J..J,) is also real having no imaginary part and therefore,

(JyJ. + J.J,) = 0.

(4.70)

After deriving all the relevant moments and correlations for the state |1, x,7) we now proceed

to analyse it's squeezing aspect.
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4.2.13. Squeezing Aspect of the State |1, x,7)

We observe from Egs. (4.39), (4.42) and (4.44) that the mean angular momentum vector
(3) = (L)i+ (J)i+ (L)k (4.71)

is not along the z-axis, where i, j and k are the unit vectors along the x,y and z axes respectively.
To analyse the squeezing aspect of the state |1, x, ) we have to go to a proper coordinate frame
in which the mean angular momentum vector <j> is along the z-axis. As mentioned earlier, we

choose the direction of alignment of (J) along the z-axis by convention and to achieve this we
perform a rotation as below.

J. = Jycosfp+ J.sinfg (4.72)
Jo= 1, (4.73)
j; = —J,sinfg + .J, cosOx. (4.74)

The rotation angle 65 is determined from the condition
(J1) =0, (4.75)

which is necessary to ensure that (j’> is along the z-axis as we already have

A

(J1) = (J,) =0. (4.76)
Thus, Eq. (4.75) yields A
tanfp = — <Jf> (4.77)
(J2)

It can be noted that under the above mentioned rotation the magnitude of the mean angular

momentum vector remains invariant, that is,

1/2
= s s <J;>2]

= ()2 cos?Or + (J.)2sin? O + (JoJ, + J..J,) cos O sin O

1/2

J)). (4.78)
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This is obvious as a rotation does not change the magnitude of a vector. We now proceed to
calculate the variances (AJ))* and (AJ])*. As

(AT)? = (J2) = (11)?, (4.79)

we, therefore, show the calculation of (.J”2) and (J’)? one after the other. From Eq. (4.72) we

get
jf = jg cos® O + jZQ sin? 0p + (jsz + jzjx) sin O cos Op. (4.80)
Therefore,
(J?) = (J?) cos? O + (J?) sin® O + (J,J. + J..J,) sin O cos 0. (4.81)

From Eq. (4.77) we have

cosOp = (L) /) (Ja)? + (J.)? (4.82)
and
sinfp = —(J,)/\/ (Ja)? + (J2)2, (4.83)
As (J,) = 0, we obtain
()] =\ (a)? + (J2)? (4.84)

and therefore,

cosbllp = <jz>/ <jx>2+< 2)?

= (L)/I(T). (4.85)
Similarly
SiIlQR - _<j93>/ <ja:>2+<Az>2
= —(L)/I(D). (4.86)

Using Egs. (4.44), (4.55) and (4.85) we obtain

. 1 1 1
2 2 _ 2 2 4 :
(J2)cos®Op = [5 + SO XQ)Q{X + x* cosdn + i(x —1) s1n4n}]

2
1 .
X ELT ) [(1 — x*) cos4n 4 2x*sin 477] , (4.87)
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which after simplification yields

1
2/ (I)2(1+ x2)"

1
(D21 +x2)°

1
— 5(1 — 11y + 1% — ) sindn + (X — 6x° + x*°) cos? 4n

(J?) cos? Oy = 4x* 4 (1 — 6x* + x®) cos? 4n + 2% (1 — x*) sin 8

[4)(6 —x%(1 = 8x* 4+ x®) cos 4n

1
4+ 231 — 5x* + x®) cos® 4n + 5(1 — 15x* + 15%® — x'?) sin® 49
+ 2x*(1 — x*) sin 877] : (4.88)

Similarly Eqgs. (4.39), (4.46) and (4.86) give

Sy 1+ x* 4y _ 2
N 2p 2 2
(J2)sin“ O = TESOE X GP0 T ) [(1 + x%)cos2n — (1 — x7)sin2n| (4.89)
which after simplification yields
o 1
(J?)sin®0p = TS [4)(2(1 + x4+ 8x* (1 + x*) cos 4y
+ 43 (x® — 1) sin 477] : (4.90)

Now the third term on the right hand side of Eq. (4.81) is (J;J; + J;J;) sin fg cosOr. We,
therefore, now show the calculation of the above quantity. Using Eqs. (4.67), (4.39), (4.44),
(4.85) and (4.86) we obtain

A a PN 2
(Jod, + J.J.)sinfp cosp = ﬁ [(1 —x?) cos 2 + (1 + x*) sin 27]]
2x _ 2 2 :
X W (1+X)COSZ7]+(X —1)811127]
1 [ .
X W (1 — X4) COS 477 -+ 2X2 S1n 47]] . (491)

Simplifying we get

1
(D)2 + 1)

(jwjz + J;J;> sinfpcosfp = 16x° + 4x*(1 — 6x* + %) cos? 4n

+ 8x*(1 — x*)sin 877] : (4.92)
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We now add the expressions of (.J2) cos? 0r, (J2)sin®0x and (J,J. + J.J,) sin O cos O and

obtain the expression of (A.J)* which after simplification has the form

1
(AJw)? = — 2 {
[(J)]
2% (x* — 1) sin(8n) + 4x* sin2(477)} +
1
— (31 — 10 + 3x?) cos®(4n) —
] B0 - 10+ 3¢ coslay
3(x™ — 2x° + x?) cos?(4n) — 2(x' — 4x® —
1
A" = A 4 x7) cos(dn) — S (X7 = 15x° +

1
2(1+ x*)*

{(x8 — 2x" + 1) cos®(4n) —

1
15x* = 1) sin (4) — 12x° sin®(4n) + S (x"* +

8 — 11x® + 11x* — 8x? — 1) sin(4n) + 6x* x

(x* = 1) sin(8n) + 4x" + 8x° + 4X2H .

(4.93)

The presence of [(J)|? in the denominator of the above equation is due to the expression of cos 0

and sin 0 as given in Eqs. (4.85) and (4.86) respectively.
To calculate AJf we note from Eq. (4.73) that JZ/ — J, and hence we have,

(AT)? = (J5) = (J,)*.

As (J,) = 0 therefore, we have
(AJ))? = (J3).

Y

Using Eqs. (4.58) and (4.94) we get,

(AJ)? = % [1 + (1?1)(2)2{%(2(1 — cos(4n))

+ (1—x" sin(4n)}} :
To derive the expression of |(J)|? we use Eqgs. (4.39), (4.42) and (4.44) and get,

(D = (L) + ()" + ()

= ﬁ{(l +x*) cos 2 — (1 — x*) sin 277}]

2
1
m{(l —x*) cos4n + 22 sin4n}] ,

(4.94)

(4.95)

(4.96)

(4.97)
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which after simplification yields,

w2 1 2 4 2 4y o
@F = |01+ 2 eos(an) — (1 ) sntan |

+ (1 —x*?cos®(4n) + 4x*sin®(4n) — 2x*(x* — 1) sin(8n)} . (4.98)

We can verify that for n = 0 the results reduce to those for an atomic coherent state.

FIGURE 4.1: Variation of S; and S, with respect to = (t in units of 7. S; and S are plotted on
the vertical axis and ¢t/ is plotted on the horizontal axis. The solid and broken lines represent S, and
S, respectively. The black and red curves are for § = 0(x = 0) and § = 7/2(x = 1) respectively. Note
that for 6 = 7/2, curves are same as for § = 0 but the S, and .S, are interchanged.

To visualize the amount of squeezing for this system we define two parameters

S, = | —2Agy (4.99)
[(J)]
and
S, = iAJ’ (4.100)
! (I

and plot these with respect to 7 = (t in Figure 4.1. In this figure S, and S, are plotted
numerically for § = 0 and 6 = 7/2 where

X = tan(6/2) (4.101)

as discussed in Chapter 1.
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We notice that both S, and S, goes much below 1 in alternate fashion implying squeezing in
the system. We observe from Eqs. (4.93) and (4.96) that the arguments of all sine and cosine
functions appearing there are in the form of 4n and 8. Therefore, the variances repeat themselve
with a period of n = z and they return to their initial condition, that is a coherent state, for
n =n%, with n as an integer.

4.3. System With More Than Two Atoms (5 > 1)

As we increase the number of atoms in the system from two to three and so on, the analytical
calculations of the moments and correlations get more and more cumbersome and for a general
value of j the problem becomes too complicated to study it analytically. However, we can tackle
the problem somewhat numerically.

We are concerned with the state
1558) = S(n)ld, x) (4.102)

with j > 1 and study it's squeezing aspect. For that we need to calculate various moments and
correlations over this state. Now quantum mechanical average of any operator say O over the

state |SSS), is given by

I ---- 0=m/4, =14
15 [ e BTUY3, Q=TUA 1
. — 0=m/2, p=1/4
(t=m/20
0w 1r
05 4

FIGURE 4.2: Variation of S as a function of j. S, is plotted on the vertical axis and j is plotted on
the horizontal axis. .S, oscillates with j below the line S, = 1 indicating squeezing in the 3’ quadrature.
Note that there is no squeezing in the other quadrature for such interaction times.
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0 1 1
0 0.2 0.4

{tim

FIGURE 4.3: Variation of S, as a funtion of (t/7 and for x = 0. S, and (t/7 are plotted on the
vertical and the horizontal axes respectively. S, goes below 1 indicating squeezing in =’ quadrature.
The solid and dotted lines are for j = 4 and 15 respectively.

J J
(O) = (SSS|0|SSS) = > > (SSS[j,m') x
m’zfj m”zfj
(G, m'|Oj,m") (j, m"|SSS). (4.103)
The inner product (j, mlSSS) is given by

(j,m|SSS) = (j,m|S(n)|j. x)

= ) (j.m[SSSk)(SSSk|j, x)e M (4.104)
k
where we have used
S(n) = e (4.105)

with H given by Eq. (4.1). The |SSSy) are the eigenvectors of H corresponding to eigenvalue
Ak

In Figure 4.2 we show the variation of .S, with j for short interaction time, that is, n = (t =
7/20. The interesting feature is that, for § = 7/2(x = 1), S, oscillates just below the line S, = 1
indicating squeezing in the 3’ quadrature for all values of j. Thus the operator S”(n) operating
on |4, x) produces squeezing of a large number of atoms which are prepared initially in a coherent
state |J, x).
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The distribution function for the initial condition § = 7/2(x = 1) takes the form

P(j,m) = |(j.mlj.x = 1)] = ﬁu Mﬁi{}!_ ik

(4.106)

It can be easily shown that P(j,m) peaks at m = 0 by using the expression of digamma
function, the derivative of the factorial function. The state |j,m = 0) has the property of
maximum correlation among individual spins [2] which is exploited by the operator Sspm to
squeeze out noise displayed in Figure 1. This type of behaviour has also been noticed in the
spin squeezing properties of the eigenstate of a pseudo-Hermitian operator discussed in Chapter
2. This interesting property persists for long interaction time also. The only difference is that,
for this case S, oscillates more vigorously as a function of j, but, still below the line S, = 1,
implying squeezing.

In Figure 4.3 we show the variation of S, as a function of (t/m. We observe that S, goes

below 1, indicating squeezing in x’ quadrature.

4.4. Possibilities of Physical Realization of the Hamiltoian
[A{Spin(gl) = g1 (j_%_ - jg)

The quadratic forms of spin operators have been discussed in the literature for quite sometime.
A widely known Hamiltonian studied in nuclear physics is the Lipkin-Meshkov and Glick (LMG)
Hamiltonian [3] given as

~

Hing = Gi(J2 + J%) + Go(J -+ J_Jy) (4.107)

where (G; and G5 are the coupling constants representing the two body interactions. We see
that by a suitable choice of the constants G; and G5 the LMG-Hamiltonian is very close to the
generic spin squeezing Hamiltonian -Hspin for an atomic system.

The f[spm also appears in the Hamiltonian of a complex magnetic molecule in a static magnetic
field [4, 5].

4.5. Conclusion

We have shown theoretically the squeezing of an atomic coherent state by using a Hamiltonian
TL-m T2 1 keep

analogy with the squeezing operator for the electromagnetic field, that is S(¢) = ez(¢a*=¢"a™),

which is quadratic in spin operators. We took the squeezing operator as S(n) =e"

We note that by choosing 7 as real the operator S (1)) becomes S(1) = "7 =72)  We performed
our study on a two atom (bipartite) system analytically. We operated 5’(77) (with 7 real) on
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the atomic coherent state for 7 = 1 and calculated the relevant moments and correlations. The
presence of correlation among the individual atoms is necessary for the existence of squeezing [6].
We found that one of the correlations is non-zero for the bipartite system and due to that the
system was found in a squeezed state. The case of NV atoms was dealt numerically and in that

case also we observed squeezing by significant amount.
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5. Squeezing of an Atomic Coherent
State with the Hamiltonain Quadratic

in Population Inversion Operator

5.1. Introduction

In this chapter we present our work on squeezing of an atomic coherent state when it evolves under
the action of a Hamiltonian proportional to the quadratic of the population inversion operator J,
that is,

H o J2. (5.1)
This is one of the generic spin squeezing Hamiltonians developed in Chapter 3. Here, in particular,
we shall consider H as the effective Hamiltonian H.; governing the interaction of two level atoms

with the radiation field in a dispersive cavity where ﬁeff has the form
Hep= A0<j2 _ J2> (5.2)

The physical significance of Heff, in detail, has been discussed in section 5.3. Since J? is invariant
under rotation and JE is related to the other two quadratic forms of spin operators, namely, j§
and j; by rotations, as discussed in Chapter 3, section 3.2, the study of the dynamics of ﬁeff
alongwith the investigation of Chapter 4 exhaust the quadratic forms of spin operators for the

production of spin squeezing.

5.2. Squeezing of an Atomic Coherent State

5.2.1. The Initial Condition

We assume a system of N two-level atoms put in a coherent state before [4] they enter the cavity.

The state vector of the atomic system is given as

25
. 1 . nt .
5,X) = = > VPO X4, 5 — ). (5.3)
n=0

(14 [xI?)
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This state has already been introduced in Section 1.3 of Chapter 1 and is called an atomic
coherent state. If we put
X = ¢ tan(6/2) (5.4)

then we know from Section 1.3 of Chapter 1 that

(o Xl eldox) = jsinfcos, (5.5)
(Xl x) = jsinfsing (5.6)
and

(G x| 14, x) = j cosb. (5.7)
0 and ¢ are the polar and azimuthal angles respectively, made by the mean angular momentum

vector
(I) = (Lo)i+ (J)j+ (J)k (5.8)
with the right handed rectangular cartesian coordinate axes, where i, j and k are the unit vectors
along the x, y and z axes respectively. The number of atoms N is related to j as j = % For

X = 0 we see that the state vector |j, x) reduces to |j,+7). This means that for x = 0 all the
atoms are in the upper state |7, +j). For the sake of simplicity we assume ¢ to be zero. We
achieve the state |, 0) first by sending the atoms in their upper states through an auxillary cavity.
The duration of the atom field interaction decides the angle #. These atoms then are made to
enter the cavity where their evolution is governed by the Hamiltonian proportional to O in Eq.
(5.2).

5.2.2. Derivation of Moments and Correlation Functions

We now investigate the squeezing aspect of the resulting state when the atomic coherent state
represented in Eq. (5.3) evolves with respect to time under the action of the Hamiltonian ]:Ieff.

We write the time evolved resultant state ( with Ai=1) as

7, X, t) = e Terst |5 x). (5.9)

We first calculate the expectation values of the pseudo angular momentum or spin operators

and their correlations over the state |7, x,¢). Since
(Hegp, 2] = 0= |Hegy, J.] (5.10)

the dynamical variables corresponding to the operators J, and jf are constants of motion. That
is
(Gt 215 X0 t) = (G xlet et e et 4, x) = (4, x| =13, ) (5.11)
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and
G 7215, x08) = (G, xle! et e et jox) = (G x| 215, x)- (5.12)
We have already shown the calculation of (.J.) and (J2) over the state |j, y) in Chapterl which
are
(J.) = jcost (5.13)

and

4 1
(J?) = j*cos? 0 + 5]’ sin® 6. (5.14)

We now proceed to calculate the remaining moments and correlations. We know from Chapter
4 that

~ 1/ - ~
o 17/ 4 ~
J, = Z<J+—J_), (5.16)
. 1/ 1/ .
J? = Z(JiJrJE)+§<J?—J§), (5.17)
72 L[ 72 Ll 5
Iy = =\ B2 ) g, (5.18)
77 77 1 2 72
Jody +dyde = o=, (5.19)
R .. 17, . .. .. ..
Jodo + Sy = 2—2[ +JZ+JZJ++JJZ+JZJ}, (5.20)
and
A A A A 1. 4 A A A A A A
JyJ. + J.J, = 2—7;{(]+JZ+ g +—J_JZ—JzJ_] (5.21)
Therefore,
J.) = Re(J.), 5.22
(Jy) = Im{J,), (5.23)
~ 1 o
() = 5|Ret v - 1), (5.24)
A 1 A A
G = 5|~ Rl - ) (5.25)
(Jody + Jydu) = Im{J?), 5.26
(Jodo + J.Jp) = RelJyJ,+ J.J,) (5.27)
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and
(JyJo + 0,y = Im{J g, + J.J.). (5.28)

We now show the calculation of (J,) over the state given in Eq. (5.9).
Gt xet) = G, xle et e et x). (5.29)
Using Campbell-Baker-Hausdorff lemma [see Apendix-1] it can be shown that
eiﬁefftj+e—iﬁefft _ j+€—iAo(2jz+1)t _ <j+(t)>. (5.30)

We can also calculate the above quantity by shifting to Heisenberg picture of quantum mechanics
in which the operators are time dependent whereas the states are not. According to Heisenberg's
equation of motion we know that

C I = ilHgs, o)) = —ido (021, +1]. (5.31)

Therefore,

~ A

Jo(t) = J.(0)e o411, (5.32)

(+@) = U, x\f e‘momz“)tlj,w

— Z 2]0 2 X*m n<] ]—m|J e —iAg(2J.41)t |‘7 ] >

2
(]' + |X‘ ’ m,n=0
X Z
—iAo(25+1)t 2]0 (‘ QZAont
———-€ X"
TERNES
2j
_ X —iAo(2j+1)t d 25 2n_2iAgnt
= TaC T30 Culx|™e
(14 |x[2)? d|x[* =
27x —iAo(2j—1)t
(L4 |x[?)

Using Eq. (5.4) with ¢ = 0 and simplifying, we obtain

[N

jf

1
(Jo(t)) = jsind {cos4(0/2) + sin*(6/2) + 3 sin®  cos 2Agt

o el ()R (2 1)1 (5.34)

where
sin?(0/2) sin 2Apt

cos2(0/2) + sin?(0/2) cos 22t

tan O (t) = (5.35)
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After obtaining (J,(t)), we now show the calculation of <ji(t)) Using Heisenberg's equation

of motion we have,

d . o .
ZI3(E) = —4iB0J3(1) [1 + JZ(O)} (5.36)
implying,
J2(t) = J2(0)e 4o+t (5.37)
Thus, using Eq. (5.3) we get,
GoxI 205, x) = (G, x| JRe ol 5y
(. x12.(0)]7, x) (j, x| J2e 4B 5y )
2
1

- Ly vEEEGey
<1 + |X‘2) m,n=0

fiAo(2j2+1)t|j7j —n)
o X —4iNo(j+1)t 2 2j 22 dinAot
= ———— ;¢ Z Cyn(n — 1)<\X| ) e
<1 + |X‘2) n=0
% NP = ,
_ 6—41A0(g+1)t Z 2j On‘X|2n€4ZnAOt

% 2
<1 + |X‘2) ’ dixI® 7=

_ Mewﬂm +IxPetiaor) (5.38)

2j
(14 Ix1?)

Using Eq. (5.4) with ¢ = 0 and simplifying, we obtain

x (j,j—m|J2e

j—1
(J2(1) = %j(2j —1)sin*0 {cos4(9/2) + sin*(0/2) + % sin® @ cos 4A0t}

w  (il2i-2)02(0)-420(j~1)1 (5.39)

where,
sin?(6/2) sin 4Agt

tan Oq(t) = .
an O (1) cos2(0/2) + sin?(0/2) cos 42t

(5.40)

We now show the calculation of (.J,(t).J.(t)) over |j, x). Using Heisenberg's equation of motion

we have,

d [J;(t):f;(t)} Ay (001 + 2.(0)). (5.41)

Hence,

A ~ A

Jo(#)J.(t) = J4(0) . (0)e " Bo@ T+ (5.42)
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Thus, using Eq. (5.3) we get,

(G, X T () (814, x)

X

{J, X\J+J et A0RIADE Y

23 27
LSS VEGEG

1+ |x|? ) "m0 m=0
(j, § — m|Jy Joe 0@+ i py
—iAo(25+1)t 2j ) B )
X~ 57 9 I Culin —n?)(Ix?)" et
L+ [x[2)” 70
—iAo(25+1)t d 5 ‘
e , ;
X 5 [jdlx\z Z2JO”|X‘%€2 Aont
1+ |X‘2) n=0
d d &
2 2]0 2n _2iAgnt
ww{wdwwgg e }

—ifo(2j+1)t

d o\
X~ | L+ [x[?e® e
2717 dlx|?
1+ IXP)

4 [, . d ( QQAO%}
X 1+ |x|7e=0
@w{”dm2 X

efiAo(ijl)t ‘ .
—2j j<1_|X‘262 Aot) -1
(1 + \X|2>

, (2-2)
(1 + ‘X|262ZA0t> )

(5.43)

We now show the calculation of (.J,(£)J,(t)) over the state given in Eq. (5.3). We know that

[LJJZJP

(5.44)

Since in going from Schrodinger to Heisenberg picture the commutation relations remain preserved

therefore, we have

(L) (1)) =

A

(S (0) (1)) + (T4 (1))

Using Egs. (5.33) and (5.43) and simplifying we obtain,

(L) 4 (1)) =

X

(&
(1+ |x[?)%

—iAg(2j—1)t

|:2]-2(1 . |X‘2622A0t) + 2j‘X|262ZA0t

N (25-2)
% (1 + |X‘2€2ZAOt) )

(5.45)

(5.46)
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A A

To calculate (J(t).J.(t) + J.(t).J+(t)) we add the two Egs. (5.43) and (5.46) and obtain,
R . . R 6—2A0(2j 1)t o 9iAlt (25-2)
Jp()J.(t) + () (1) = 272 —1)x—F—F5| 1+ 120

(00 + L 0(0) = 202 = D (14 P )

X (1 - |X\262iA°t). (5.47)

Using Eq. (5.4) with ¢ = 0 and simplifying we obtain,

A A A A

(00 + L) =2~ Dsin [ a,(0)]
X [(COSQ(Q/Q) Cos {(2]' —2)04(t) — (2] — 1)A0t}
— sin2(8/2) cos {(2]‘ —2)0(t) — (2) — 3)A0t})

+ i(cosQ(H/Q) sin {(2]' —2)0,(t) — (2 — 1)A0t}

— sin®(0/2)sin {(2]' —2)0,(t) — (2 — 3)A0t}) (5.48)
where, .
Ay (t) = cos*(0/2) +sin*(6/2) + 3 sin? @ cos 2At. (5.49)
As in Eq. (5.10), J? is a constant of motion. Hence, (.J2) over the state given in Eq. (5.3) is
2j
Gl = | TEENGE ZZ 50, Co* ™y — m| 2, — )
n=0 m=0
L. 27
.7(.7 + 1) 7 2
= Chlx|™
(1+[x]%)” ; X
= (G +1). (5.50)

Using Egs. (5.22) and (5.34) we obtain,

(J,(t)) = jsind |:COS4(9/2) + sin*(0/2) + % sin® 0 cos 2ot
cos [(27 — 1)O1(t) — Ag(25 — 1)t]. (5.51)

Using Egs. (5.23) and (5.34) we have,

} (25-1)/2

) ] (2i-1)/2
(Jy(t)) = jsiné {0054(9/2) + sin*(0/2) + 5 sin® @ cos 2A0t}

sin [(27 — 1)©1(t) — Ag(25 — 1)t]. (5.52)
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Using Egs. (5.24), (5.14), (5.39) and (5.50) we get,

—_

(J2(t)) = % +=j(2j —1)sin?0 [1 + [Ao(1)]Y 7V cos 2[2A0( — 1)t — (j — 1)@2(15)]} . (5.53)

e~

where .
Ay(t) = cos*(0/2) +sin*(6/2) + 3 sin? @ cos 4At. (5.54)

Using Egs. (5.25), (5.14), (5.39) and (5.50) we get,

72 1
(J0) =2

| =

§(25 —1) sin29{1 — [A2(1)]V 7Y cos 2[2A0(5 — 1)t — (j — 1)@2(15)]} (5.55)
Using Egs. (5.26) and (5.39) we obtain

A A A A 1 i
(Jody + JyJi) = 5(2] = 1) sin® 0[Aa(t)]Y "V sin [(2) — 2)05(t) — 4A¢(j — 1)t].  (5.56)
Using Egs. (5.27) and (5.48) we obtain,
(oot Jodi) = (27— 1)sin0[A(1)] 77"

[0052(9/2) cos {(2j —2)04(t) — (25 — 1)A0t}
—sin®(6/2) cos {(2j —2)0(t) — (2j — B)Aot}] : (5.57)
Using Egs. (5.28), (5.48) we obtain,
(JyJo+ Jody) = 5(25 — 1) sinf[Ay(£)] V™"
[cos2(9/2) sin {(2j —2)0(t) — (2j — 1)A0t}

—sin?(#/2) sin {(2j —2)0(t) — (2j — B)Aot}] : (5.58)

These correlation functions are responsible for spin squeezing or squeezing of the atomic state

[2].

5.2.3. Analysis of the Amount of Squeezing for the State |j, x, )

To analyse the squeezing aspect of the state represented in Eq. (5.9) we perform a rotation of
the coordinate frame {x,y, z} to a new frame {2’, ¢/, 2’} so that the mean angular momentum
vector (j) is along the 2’ axis. The magnitude of the mean angular momentum vector for this

system is

2

@ = VU ) ()
— /I ()] sin? 6 + cos? 6. (5.59)
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It is easy to verify that for j = % i.e. for a single two-level atom all the three correlations vanish,
implying that there is no squeezing. We now look for the squeezing aspect for j > 1. We first

aim at the variance in the ¥’ quadrature. It has the form

) j—1
(AJ;Q) = % + i(2j —1)sin® 6 [1 - (1 - %sin2 6(1 — cos 4A0t)>
cos 2{(2j ~1)0,(t) — (j — 1)0s(t) — Aot} . (5.60)
We notice that ,
12 J
(AT > 5 (5.61)
We define a quantity .S, as
2(AJ?,
S, = < - y>. (5.62)
(D

If S, is less than one, we say that the atomic system has squeezing in the y’ quadrature. Now
from Eq. (5.59) we can see that the maximum value of |(J)| is j and thus from Eq. (5.61) we
can conclude that

Sy > 1. (5.63)

Thus the 3’ quadrature is never squeezed.
We now look for the squeezing aspect in ' quadrature. We define

S, = 2<Aj]3’>. (5.64)
(D]

If S, is less than 1, we say that the system has squeezing in the ' quadrature. We plot S, in

Figure 5.1.

We notice that for § = 7/16, representing about 2% of the atoms in their upper states, there is
about 21% squeezing [ when S, = 0.79, we say that there is 21% squeezing] when the interaction
time is set at Agt = m/2. We also notice that an atomic system with 140 atoms can be squeezed
at this interaction time. The maximum squeezing takes place for N = 26. As we deviate from
this interaction time, the degree of squeezing and also the number of atoms that can be squeezed
%' the squeezing reduces to 15% and for Agt = ?—g, it reduces to 10%.
As we deviate further from Ayt = 7, the squeezing reduces more and finally vanishes at Agt = 7.

The degree of squeezing also decreases as we increase the number of atoms in their upper

are reduced. For Ayt =

states, that is, as we increase (. For 6 = 7, that is, when we have equal number of atoms in the
upper and lower levels, we have (jz> = 0. For 0 = 7 the variance in the 2’ quadrature reduces

to

(A =1 = (72 (5.65)
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0.75 L L L

FIGURE 5.1: Degree of squeezing S, as a function of j > 2 for § = w/16. Here in the figure the
quantity X on the vertical axis is S, and the quantity s on the horizontal axis is j. The dimensionless
interaction time Agt = 7/2, 97/16, 57/16 for the full, broken and dotted curves, respectively. Note
that S, < 1 indicates squeezing.

Since at this value of 8

(IY| = jeos® =D Agt (5.66)

we have,

1
2 __
S = cosm A " | (5.67)

5
results in Ref. [2] where the squeezing has been studied in the y’ — 2’ plane, whereas we have

implying that the system does not show any squeezing for 6 = This is in contrast to the
studied it in the 2’ — ¢/ plane.

We have studied the squeezing aspect of a two-atom or a bipartite system for which 7 =1 as
it reveals interesting properties. We set Ayt = /2 as the maximum squeezing or lowest noise
level is obtained for this interacion time for all values of j. We observe from Egs. (5.51) to

(5.58) that the moments and correlations take very simple form as

(L) = —%sinQ@, (5.68)
(Jy()) = 0, (5.69)
(J.(t)) = —cosd, (5.70)
(J2(t) = % (5.71)
(B2(t) = %(1+sin26) (5.72)

() = 1 gsin’ (5.73)
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and
(Jod, + J.Jp) = sin 6. (5.74)
The other two correlations are zero at Agt = 7. With these values the expression of S, for
0 < 6 < 7 has the form
cos 12
Sy = | ——= < 1. 5.75
(\/1 +sin29) (5.75)

We observe that there is sufficient squeezing in the 2’ quadrature. and it increases with increase
in 6. As 0 — 7 the squeezing approaches 100%. This behaviour is just opposite to that of a
multipartite system that is for j > 1. However, we may notice from Eq. (5.59), that [(J)| = 0 at

™

0 = Aot = 7, implying that squeezing is not defined at these values. In the interval § < 6 <,

5
S, has the form
g _ —cos 1/2 ] .
T \Viteze) (5.76)

which implies squeezing. Thus squeezing increases as ¢ increases from ( towards 7 and decreases
as 0 increases from I towards m. We can interpret this result from the expression of the only
non-zero correlation given Eq. (5.74). We observe that as 6 increases from 0 the correlation
factor also increases and hence the squeezing also increases. The correlation decreases when 6

increases from 7 to 7 and thus it decreases the squeezing.

5.3. Physical Significance of the Hamiltonian H.;;

We now show that the dynamics of a system of NV two-level atoms interacting with the single
mode of a cavity having high quality factor () and at thermal equilibrium is governed by the
effective Hamiltonian f[eff as given in Eq. (5.2). The cavity quality factor is related to cavity
bandwidth k by k = % and then the cavity photon lifetime is represented by 5-. The average
number of thermal photons 7y, present inside the cavity is related to its temperature T by the

relation
1

ey = ——————
th eﬁwc/kBT — 17

(5.77)

where w, is the frequency of the single mode cavity. We consider a highly detuned cavity, that is,
w, is very large compared to the atomic transition frequency w, which makes the cavity dispersive
in nature. Since we are dealing with a high-Q cavity (small k), the system easily satisfies § >> k
where 6 = w. — w,. Further, if |id + k| >> g\/ﬁ, where ¢ is atom-field coupling constant, is
satisfied, the field remains almost stationary in the time scale of changes in atomic observables.

Under this condition, the time evolution of atomic density matrix can be written as [1]
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dpo. _ ¢°

dt k2 + 62

—io{[J - pal + 200, ]|

A

+k:{(n Y1) pads — Jid pa— padido)

A

HwﬁmJ—iLm—miﬁ&] (5.78)

the details are given in the Apendix V. Since § >> k, we notice in Eq. (5.78) that the damping

terms contribute negligibly to the atomic dynamics. This reduces the equation of motion to

dps . PO _s
L it [J+J_ +2nd, pa] (5.79)
As
72 Lrs ;o7 )
. <J+J, + JJ+) v 2, (5.80)
the effective Hamiltonian describing the time evolution of the system is
Hopp=DNoJyJ 4+ ArJ. = Ag(J? = J2) + (A + Do) J. (5.81)
where 2
g
ANy = ——= 5.82
IR (5.82)
and
A1 =204, Ap. (5.83)

In the effective Hamiltonian the cavity temperature appears in the term linear in J,. We know
that such terms produces simply a rotation which does not change the final results. Thus we

drop the terms linear in atomic operators making the effective Hamiltonian

Hopp = No(J? = J?). (5.84)

Thus we find that the Hamiltonian is a function of JE [2]. In this chapter, in addition to probing
deeper into the spin squeezing dynamics of ﬁeff, we have shown that, when the system is in a
bipartite state (/N = 2), the time evolution of the interaction has quite interesting properties. It
is interesting to note that H,;; is a special case of the so called Lipkin-Meshkov-Glick (LMG)

Hamiltonian for a many-body fermionic system [3].
Hipe = Gi(J2 + )+ Go(JyJ_+ T _J,) (5.85)

where G; and (G5 are the parameters specifying interaction strengths there. They are quite
different from the interactions we consider in the thesis. What we are pointing out is the degree
of similarity between Heff and HLMg.
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5.4. Conclusion

We have shown that a system of atoms, initially in a coherent state, can be squeezed by an
Hamiltonian proportional to JE Also, this operator can represent atom-field interactions in
cavity QED as discussed above. It may be noted that this operator was first considered in Ref.
[2] to establish the phenomenon of spin squeezing. We, however, has examined the dynamics in
detail.

The LMG-Hamiltonian [3] in Eq. (5.85) has this form if we set G; = 0 there. Thus the system,
described by the LMG Hamiltonian and if the values of (G5 is set to the numerical values of A,

will display spin squeezing properties.
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6. Conclusion

In our thesis we dealt with the squeezing aspects of two level atomic systems. We have analysed
the subject from various perspectives to get a deeper insight. In Chapter 1, containing the
introduction to the thesis, we developed the necessary basic concepts and preliminaries for the
subject. We first discussed the coherent states and squeezed states of electromagnetic radiation
field as these ideas were first developed in that context. We then introduced a two level atomic
system and discussed its coherent states and squeezed states subsequently. A brief review of the
work done so far has been given there. We presented our work in Chapter 2 to Chapter 5.

In Chapter 2 we considered an atomic state, denoted as |V,,), representing a two level atomic
system interacting with the squeezed vacuum state of the radiation field [1]. This state is an
eigenstate of a non-Hermitian operator, termed in our thesis as A with real eigenvalues [2]. We
showed the underlying mathematical reason for the reality of the eigenvalue spectrum of that
operator by introducing the notion of pseudo-Hermiticity. The necessary condition for a non-
Hermitian operator with a complete set of biorthonormal eigenvectors to have a real eigenvalue
spectrum is that the operator must be pseudo-Hermitian [3]. A pseudo-Hermitian operator with a
complete set of biorthonormal eigenvectors possesses either real eigenvalues or complex conjugate
pair of eigenvalues. The condition under which all the eigenvalues are real has been shown in
Reference [4] and also discussed in Apendix-11l. We proved that the operator A is pseudo-Hermitian
and satisfies the necessary condition to have real eigenvalues and thus connected the recently
developed ideas of pseudo-Hermiticity with a real physical example from the domain of quantum
optics.

We analysed the squeezing aspect of the state |W,,) by calculating the relevant moments,
correlations and variances of the spin operators over this state and observed a significant amount
of squeezing. In the course of our study we introduced reduced Wigner d-matrix elements [5]
with their analytic continuation to imaginary angles, as this makes the relevant calculations much
simple.

We also discussed the squeezing aspect of the biorthonormal state |®,,,) of |\V,,) and concluded
that the state |®,,) has the same squeezing properties as that of |,,).

After studying the squeezing properties of the eigenstate of a pseudo-Hermitian operator we
tried to develop a generic but simplest squeezing operator to produce squeezing in two level atomic
systems put initially in coherent state. We know that a Hamiltonian nonlinear in spin operators
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when generates time evolution on an atomic coherent state, produces squeezing in the resultant
state. Many such Hamiltonians can be constructed which serve this purpose, however, it is better
to construct a generic Hamiltonian which reveals the subject from general aspect. In Chapter 3
we developed such a Hamiltonian keeping analogy with the case of electromagnetic radiation field.
We took all possible Hermitian combinations of spin operators to form Hamiltonians with lowest
power of nonlinearity, that is, the quadratics and got six such entities. Those six Hamiltonians
can be divided into two groups each containing three, such that the Hamiltonians of the same
group are connected to each other by rotations of the coordinate axes. Therefore, we argued that
it is not needed to study the squeezing properties of each of the six Hamiltonians individually but,
it is sufficient to study the squeezing properties of only one from each group. The knowledge
gained from the study made on any one Hamiltonian from each group can be used to derive the
squeezing properties of the other group members by using the rotations of the coordinate axes.

Therefore, we took the generic squeezing Hamiltonians as

]:Ism'n = gl(jﬂcjy + jij) (6'1)
and
H,pm - 92‘]37 (62)

E)

with g; and go as real parameters. We thus constructed the generic spin squeezing operators as

~

Sspin = exp(—ij':lspmt/h) = exp [2i7(j$jy + jy(];)} (6.3)

and
where v = —g1t/(2h) and § = got/h.

After constructing the generic spin squeezing operators Sspm and S

«pin W€ Study their squeezing

properties when they act on an atomic coherent state. In Chapter 4 we study the spin squeezing
dynamics produced when the operator S'Spm acts on an atomic coherent state. We studied the
case in two parts, one when S'Spm acts on a two-atom system and the other when the operator
acts on a system of more than two atoms. The case of two-atom system was studied analytically.
We calculated the relevant moments, correlations and the variances of the spin operators over
the state produced when S'Spm acts on a two atom coherent state. We graphically showed the
variation of squeezing in two quadratures x and y and observed significant amount of squeezing
in both the quadratures in alternate fashion.

The case of more than two atoms was dealt numerically as it is difficult to make analytical
study. The striking feature in this case is that for short interaction time the squeezing parameter,
denoted as S, oscillates just below the line S, = 1 indicating spin squeezing for all values of
7. Thus the operator Sspm is capable of squeezing a large number of atoms if they are initially
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prepared in a coherent state. It is also noted that the oscillations in squeezing with time increases
with increase in the value of j.
In Chapter 5 we studied the spin squeezing dynamics when the Hamiltonian ﬁ;pm generates

time evolution on an atomic coherent state, that is the operator S’ " acts on an atomic coherent

spin
state. The dynamics of a system of IV two-level atoms interacting with the single mode of a cavity
having high quality factor and at thermal equilibrium is governed by the effective Hamiltonian
which has the same form as that of ﬁ;pm.

y-quadrature however, x-quadrature shows significant amount of squeezing.

We observed that there is no squeezing in the
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7. Scope for Further Investigations

It has been stressed in the literature that spin squeezing is induced by entanglement [1]. We
know that entanglement forms the basis of the emerging field of quantum information. This is
definitely the driving factor in the continuing interest in the study of spin squeezing. The other
reasons for the progressive interest in spin squeezing are as follows:

(i) Spin entangled (spin squeezed) states after their measurements for extracting information,
for example, can be used again and again. This property of spins stands out when compared with
photonic systems. Entangled photons are destroyed for ever after their measurements. Thus an
ensemble of two level atoms (spins) can be used as an unit in quantum information processing.

(i) We have shown in this thesis that spin squeezing is possible for number of spins N >
2. In other words multipartite entangled states in the spin systems are possible. Multipartite
entanglement is a subject of vigorous study in its identification and quantification.

(iii) The measure of quantum entanglement has so far been mathematical [2]. Spin squeezing
gives a physical (laboratory) measurement of quantum entanglement. Work has already began
in this direction, but, for a bipartite (two spin) system only [3]. We have also indicated work in
this direction [4]. It can be stated that a system with j = 1 (a bipartite system) is entangled if

RS (7.1)

in the notations of parameters in Eq. (5.64) of Chapter 5. We know that a system is spin
squeezed, that is, S, < 1 for dimensionless interaction time Ayt = /2 and the atomic excitation
parameter 0 < 6 < 7 /2. The involved parameters Ag and 6 have been defined in Chapter 5. In

[(J)| = V1 —sin?6 < 1. (7.2)

Thus the system evolving under the Hamiltonian H, ;¢ = Ag(.J2 —J2) in Eq. (5.84) of Chapter

this situation, we have shown

5 is entangled.
We plan to extend the study for a multipartite system, that is, j > 1.
In Chapter 3, we identified two Hamiltonians nonlinear in spin operators, namely

~

1 A A

and
ﬁ/

spin

= goJ° (7.4)
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which are capable of squeezing out noise from a spin system in a coherent state. We have shown
their characteristics in the subsequent Chapters 4 and 5. We discussed there various systems
whose Hamiltonians include the above nonlinear operators. In addition, the operator in Eq. (7.4)
appears in a system, the so called ‘driven Dicke model’ in quantum optics. The Dicke system [5]
consists of an ensemble of mutually non-interacting two level atoms confined to a cube of volume
A3, where \ is the wavelength of the radiation field with which the atoms are interacting. The
laser cooling technology can be used to cool down a system of atoms sufficiently to get a Dicke
system. When this system is driven by an external laser, we get the system known as ‘driven
Dicke system'. Such a system in a cavity can be described by a model Hamiltonian [6] in which
one of the terms has the form in Eq. (7.4). This term arises due to atom-atom cooperation
through the common radiation field they are interacting. We plan to study this system to analyze
its squeezing capabilities. In addition to this, we also plan to study various systems discussed in
Chapters 4 and 5.
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A. Apendix-I|

A.1. Baker Hausdorff Lemma

A.1.1. Theorem 1

Let A and B are two non-commutating operators and A\ be a complex parameter. Then

i~ i ~ a1 N (s oA Norara7a 2
A A
M B M B+A[A,B} + 5[,4, [A,BH + 5[14, [A, [A,Bm Yo (A
To prove this theorem we follow the method outlined in Ref. [1].
Proof
To prove the above theorem we let
FO\) = M B e (A.2)
Therefore,
f(0)=B. (A.3)
Expanding f()\) in Maclaurin's series we obtain,
\ A df 222 f
A) = f(0) + A% ——= A4
A=0 A=0
From Eq. (A.2) we see that
df AN B A NA XA
o= A B B A
N e e e
= [4f0)]. (A5)
Hence,
df . 4
n| [A, B] (A.6)
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Now,
d2f A2 A B XA AN D MG A p MG M —AA j2
W:Ae Be —Ae™ Be “MA—Ae Be MMA+4+e Be A
= A A, f0]]. (A7)
Therefore, )
I —[aas]] (A8
A=0

Using Egs. (A.3), (A.6) and (A.8) in Eq. (A.4) we obtain Eq. (A.1).

A.1.2. Theorem 2
If A and B are two non commutating operators that satisfy
(4 48] = [5.[4.8]] =0 (A9

then

A+B _ A B ~YAB) _ B A LAB] (A.10)

This is a special case of the Baker-Hausdorff theorem.

Proof

Let g(\) be a operator function given as,
G(\) = MerB, (A.11)
where X is a complex parameter. Differentiating with respect to A we obtain
% — AMPB LM AR
- (A +eM B e‘AA)Q(A). (A.12)
The second term in the parentheses can be written using Eq. (A.1) and Eq. (A.9) as
M Be™M=PB4 [fl, lﬂ (A.13)
Thus, Eq. (A.12) may be written as

4 _ {(A + B) + A [21, lﬂ }Q(A)- (A.14)
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From Eq. (A.9) we see that the quantity A+ B and [121, B} commute with each other and
hence, we may treat these quantities as ordinary commuting variables and integrate Eq. (A.14)

subject to the condition
§(0) = 1. (A.15)

The operator function which satisfies Eq. (A.14) subject to the condition of Eq. (A.15) is

(\) = ATBIA+(?/2)[A,B] (A.16)

Nl

A

Since (A + B) commute with [A, B], we can write the above equation as
G(A) = eAHBN/AIAB] (A.17)
Equating the right hand side of Eq. (A.11) with that of Eq. (A.17) we obtain
GAA€>\B _ 6(14+B)>\€(>\2/2)[A,B}' (A.18)
If we let A = 1 and multiply both sides of the above equation from right by e~348) then we

obtain the first part of Eq. (A.10). The proof of the second part of Eq. (A.10) is obtained by

assuming an operator function as
a(\) = eMerM (A.19)

and proceeding in the same manner as above.
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B. Apendix-I|

B.1. Atomic Coherent States in Schwinger Representation

Atomic coherent states are traditionally developed via

7, x) = Ne’”‘\j, =J) (B.1)
= NZ C g = j). (B.2)
Now
N , (29)n! .
J" =) =4 — —n). B.3
|j,m = j) (2j—n)!‘j"7 n) (B.3)
Thus
2j
X)) =N Y VHCux"j, 5 — n). (B.4)
n=0
To find the normalization constant /N we use the condition
(4. xlix) =1 (B.5)
and therefore, we obtain
23
Goxlioxg) = N2> 0P
n=0

= N1+ [x[»)”

Accordingly the normalized state is

14, X) = (1+\ o7 Z\/QJCX 14,5 — ). (B.6)

We now represent the atomic coherent state using Schwinger construction for angular mo-

mentum operators [1]. Let us introduce two bosonic annihilation operators a;(i = +,—) such
that
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and
[a:, a;) = 0 = [af, a]]. (B.8)
Out of these operators we construct
[ =ala_, (B.9)
J_=ala, (B.10)
and |
J, = 5(&1@ —ala_). (B.11)
It can be noted that
[Ty, J_]=2J.; (B.12)
[j2’7 j:l:] = ij:l:? (B13)

so that these satisfy the same algebra as the angular momentum operators.
Now the angular momentum states |j, m) may be elegantly constructed out of these funda-

mental oscillator operators vide

e _j0,.0.) (B.14)

as this satisfies
Joljm)y = mlj,m) (B.15)
Jeljim) = VG Fm)( £m+1]j,m£1). (B.16)
Here |0,,0_) is the vacuum state defined as

a4]04,0_) = 0;a_[04,0_) = 0. (B.17)

It is as if a symmetric state is built out of 2j spin one-half quantities, (j + m) of them ‘up’ and

(j —m) of them ‘down’ giving
1, 1.,
m = §(j+m)+(—§)(j —m). (B.18)
(7 +m)! and (j — m)! stands for the number of permutations giving the normalization. Now let

us take the atomic coherent state given in Eq. (B.6) and express it in terms of the Schwinger
construction.

jix) = Z o 8 D" T)n\o+, 0_) (B.19)
(1+ |X‘ )z (2j —n)n
= Z —X—(@)” @0, 0-) (B.20)

2j
1 1
= : ( X a*+72a1> 04,0_). (B.21)
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Putting
X = tan(0/2)e”, (B.22)

we obtain ,
2j
(cos 90-i9/2G! 4 sin gew/w)

(25)!

7. X) = 15,6, ¢) = €% 10,,0_). (B.23)

Removing the overall phase factor €'/ we obtain

25
(cos 90-i9/2G! 4 sin gew/w)
|0+> 0*)

19, x) = 13,6, 0) = &l

. (B.24)
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C. Apendix-IlI

C.1. A Pseudo-Hermitian Operator
An operator A is said to be non-Hermitian if
A # AT, (C.1)

where A' is the Hermitian adjoint of A. A non-Hermitian operator, in general, possesses non real
eigenvalues. However, a class of non-Hermitian operators exist which possess only real eigenvalue
spectrum. The necessary condition for an operator to have real eigenvalue spectrum is that it
should be pseudo-Hermitian [1]. An operator A is said to be pseudo-Hermitian if there exists a

Hermitian, linear and invertible operator 7 such that
nAn~t = A, (C.2)

The operator A is then said to be n-pseudo-Hermitian. An operator L is said to be linear if for

any two vectors [t1) and |¢)5) and any two complex numbers ¢; and ¢ we have
Llerlin) + ealuin)| = er L) + eaLlitn). (€.3)

It is invertible if there exists L~!. The eigenvalues of a pseudo-Hermitian operator are either real
or in the form of complex conjugate pairs.

The necessary and sufficient condition for an operator admitting a complete set of discrete
biorthonormal eigenvectors to have only real eigenvalues is that the operator must be OtO-
pseudo-Hermitian, where O is a linear and invertible operator [2].

The existence of a complete set of discrete biorthonormal eigenvectors for an operator A means
that there exists a set of vectors {|1,,), |¢,)} such that

A|wn> = EM%) (0'4)

and
Algn) = E3ln). (C5)
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and

—~
Q
D

~—

<¢m|wn> = 5mn>
D ) (gal = D lon) (Wl = 1,

where, 1 in the equation above is the identity operator.
We now present the proof of the condition mentioned above.

Proof

Let there be an operator A, which acts in a Hilbert space ‘H. We assume that the spectrum of
A is discrete and it admits a complete set of discrete biorthonormal eigenvectors {|i,), [¢n)}.
Let the Hilbert space is spanned by a complete set of basis vectors {|n)}. Therefore,

(m|n) = 0mn (C.8)

and

> |n)n| =1. (C.9)

We define two invertible and linear operators O, and Hy in the Hilbert space H as

O1 = |va)(n| (C.10)
and
Hy = Z E,|n)(n|. (C.11)
Then the inverse of O is given as
Ot =" In)(¢nl- (C.12)

Now,
07t A0 = ;W(%\A;\%Mml
= anEmln><¢n|¢m><m\
= ;En|n><nl

= H,. (C.13)
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Therefore,
OAfl 121 Ol - [’A[(],

(C.14)

where we have used Eq. (C.6) in the third step. Now suppose that the spectrum of A is real.

Then E, are real implying that H, is Hermitian. Now taking the adjoint of both sides of Egq.

(C.14) we obtain,

o4t (o) =

- Ho.

Therefore,
st (AT Al g A
Ol A (01) — 071 40,

-1
Operating by <OI) from left on both sides of the above equation we obtain

(o) = (of) ortaon.

As

therefore, Eq. (C.17) becomes
o /a1 N A
At (0{) - (01) O A0,
Operating by OAI from right on both sides of the above equation we obtain

A

At = (OI)_lo}le}éi

Since O is invertible, we let

Therefore, we can write Eq. (C.20) as

A

At = 010 A@l(él)*
1

Thus, the operator Ais OO0 pseudo-Hermitian. This completes the proof.

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)
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D. Apendix-1V

D.1. Reduced Wigner D-Matrix Elements

We present here the derivation of the reduced Wigner D-matrix elements using Schwinger's

algebra for angular momentum [1]. We also discuss some properties of these matrix elements [2].

The angular momentum state can be represented using Schwinger algebra as [Apendix I1],

omy = LG
V0 +m)l( —m)!
We apply the rotaion operator R
() = exp(~i727),
on |j,m) and obtain
j—m

D(B)|j,m) = D(B) VG +m)(G —m)!

Inserting the identity operator

we obtain,
~ 1o Jtmr . oA j—m
sy [PORDTO] bl b
Now R R
R J ﬂ J2 2
D(B)[0,.0.) = [ SR L }\0+,0_>
We know from Apendix-Il that,
A h
Jy =5 (aia_ —al @+)
As,
&+|0+,O,> — O

(D.1)

(D.2)

(D.3)

(D.4)
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and
d—|0+7 O—> = 07 (Dg)
therefore,
A 1
Jyl04,0-) = 5 (&1& - &T&Jr) 04,0-)
1
= 0. (D.10)

Using these results we can write Eq. (D.6) as

DB)I0,,0-) = J0,,0.). (D.11)
Now,
D) il D (H) = (i) al expl?) (D.12)

According to Baker-Hausdorff lemma, presented in Apendix-1, we can write

JB. . J ) N —i2[J, [J, .
exp(—z%ﬁ) al. exp(zy?ﬁ) = al—i—(—zﬁ)[%,al} —i-( 2‘6) {%, {%,al”%— ......
(_Zﬁ)n Jy jy jy jy ~t
+ o Pl el 3o Qx| || (D.13)
Now
J, I
{F‘Z’,ai = —Q—i{aiaJr,ajL}
1
= ——a D.14
21"~ (D-14)
D [h 1] - A il
A Y
1
= Z&L (D.15)
By [ [ a1 = D@
R R R h’ 4
1
= ——a D.1
50 (D.16)
By [dy [D [ 1] = _[Fe ab
Rl RT| R R B h’8i
L,
= —al (D.17)
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and so on. Thus using these results we obtain from Eq. (D.13) as

L/p
- a3
= &1 cos (g) +a! sin (g) (D.18)
Similarly,
D(B) ab DY(B) =al cos (g) — &1 sin (g) (D.19)

Substituting Egs. (D.18),(D.19) and (D.11) into Eq. (D.5) we obtain

j+m j—m
((ﬂF cos 5 B 14" sin g) <€LT cos g — di sin g)
D(B)|j,m) = 104,0_).

D.20
V0 +m)l(G —m)! (D20
Recalling the binomial theorem
| T — k k
(x—%y) 2; e ,k, (D.21)
we can write Eq. (D.20) as
oy B (J +m)!(j —m)!
D@m= ;; G+m— kG —m— )l
[&+ cos(ﬂ/Q)} [&_ sin(ﬂ/2)} ’
X
VT mG —m)!
j—m—l l
X {_ai sin(ﬂ/Q)] {&T cos(ﬂ/2)] 04,0_). (D.22)
Now using the identity operator
Z 15, m/)y (G, m/| =1 (D.23)

m'=—j
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we can write,

D@)ljm) = > 1im) G, m D3], m)

J

= > im0

10,,0_) (D.24)

where we have used Eq. (D.1) in the last step.
Now comparing Egs. (D.22) and (D.24) we see that

G+ m)l(j —m)! ot costo2] " [al smisr2)]
202 G = WK —m = DT VG mlG —m)

. [ —al, sin(ﬁ/zﬂ o [eﬁ_ cosw/z)]l

_ i dj, (ﬁ) (&L)j+ml(&i)j_ml ‘ (D25)
= NG A )G = )

We can obtain an explicit form for @’ , (/3) by equating the coefficient of (a! )7+ (a' )7~ from
both sides of the above equation. We first equate the coefficients of (&1)”’”/ for a fixed m’ from
both sides. The power of di on the left hand side of the above equation takes the value j + m’

when the existing power that is 25 — k — [ is equal to j + m/, that is when we have,

jem = 25—kl
or, Il = j—k—m' (D.26)

We can verify that when the above equation is satisfied the power of ! on the left hand side of
Eq. (D.25) matches with that in the right hand side. For a fixed value of m’ Eq. (D.26) indicates
that the k-sum and the [-sum on the left hand side of Eq. (D.25) are not independent. To find
out the coefficient of (! )7+ (4l )7~ from the left hand side of Eq. (D.25) we eliminate [ in

the exponents of cos((3/2),sin(5/2) and (—1) with the help of Eq. (D.26) and obtain,

jAm—k+1 = 2j—2k+m—m' (D.27)
k+j—m—1 = 2k—m+m/ (D.28)
j—m-—1 = k—m+m' (D.29)

Using these equations we can now write the coefficient of (a!, )7+ (a' )7~ from the left hand
side of Eq. (D.25) as
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Z (_1)k—m+m’ \/(j + m)'(] - m)'
F El(j4+m—E)G—m—k)!(m —m+Ek)!
2j—2k+m—m’ 2k+m’—m
X (cos g) (sin g) : (D.30)
The coefficient of (! )7+ (a')7=™ on the right hand side of Eq. (20) is
() —— . (D.31)
V(i +m)l(G —m)!
Equating the two expressions given in (D.30) and (D.31) we can write
B (B) = (=1 +m)G = m)lG +m)(G —m)
(‘—1)k(COS §)2j—2k—m +m(sin §)2k+m —-m (D‘32)

x zk: WG —m — k)G +m— k) —m+ k)

where the sum over k£ is taken until none of the arguments of factorials in the denominator are

negative.

D.2. Symmetry Property

We can check that

D.3. Addition Theorem

The addition theorem for the &/ ,(3) is

S & (B (B)e™ ™ = e L (B)e

with a, 3 and v given by

sin
cot a = cos (31 cot ¢ + cot 62_—61,
sin ¢
cos 3 = cos 31 cos (3o — sin (31 sin (35 cos ¢,

sin 62

coty = cos 3 cot ¢ + cot B ————.
sin ¢

(D.33)

(D.34)

(D.35)
(D.36)
(D.37)



140 APENDIX-IV

D.4. Second Derivative

To handle the second derivative of the Wigner reduced matrix occuring in the calculation of
the expectation value of jf in the squeezed state we use the differential equation satisfied by
Df;m,(a,ﬁ,y) familiar from the quantum mechanics of an anisotropic rotor

1 0 9 m2—=2mm cos B+ m'>

_ — &in B— D,
sng a5 e T sinZ 3 mm

(a>ﬁa7) = j(] + 1)Dfnm’(a>ﬁa7)'
(D.38)

Putting m’ = m and o« = 7 = 0 we obtain

&2 . . d .
a5 & (B) = =3 + 1)d},,,,(8) + m® sec®(8/2) d,,,(B) — cot ﬂ@ o (3), (D.39)

wherein putting 5 = 2i£ and using the definition of A as

A= ), (2i€), (D.40)
we obtain 2A 21 A
o 4+ DA — 4 4 2coth 26— (D.41)

dg? cosh“¢ dg
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E. Apendix-V

E.1. Derivation of the Effective Hamiltonian for the Atom

Field Interaction in a Highly Detuned Cavity

We consider a system of N two-level atoms interacting collectively with a single mode electro-
magnetic field in a cavity [1]. Let fiwy be the energy gap between the two atomic energy levels
where wy is the angular frequency of a photon emitted or absorbed when the transition among
the two levels take place. The characteristic frequency of the electromagnetic field is w,. If the
raising and lowering operators for the transition among the two atomic levels are j+ and J_
respectively with J, as the inversion operator (already intrduced in Chapter-1) and @ and a' are
the annihilation and creation operators respectively for the photon numbers in the Fock state of

the electromagnetic field then the atom-field interaction is governed by the Hamiltonian operator
H = hwoJ, + hweata + hg(Jia+afJ_). (B.1)

Here g is the atom field coupling constant. The irreversible loss of the electromagnetic field due

to leakage out of the cavity is described by the operator

~
~ ~

App = r(n+1)(2apat — a'ap — pa'a) + kn(2a'pa — aa'p — paa’), (E.2)
where p is the density operator for the whole system, 2k represents the loss of the photons and n
is the average number of thermal photons in the cavity. The dynamics of the system in a frame

rotating with wy is described by the master equation

dp - A
— = Losp+ Lyp. E.3
g = Latp + Lyp (E.3)
The operators ﬁafﬁ and ﬁfﬁ are
f/afﬁ: —Zg[jer—'—&,,p} (E 4)
and
Lip=—id, [&Ta, ;3] +Asp (E.5)
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with
0c = We — Wp. (E.6)

We now concentrate on the atomic system and for that we derive an equation for the reduced

density matrix p, for the atomic system. We write the formal solution of Eq. (E.3) as

) t . R
o) = elrtp(0) + / gyl f5(0)
0

t t1 ~ R ~ R
/ dt, / dtyelbs 0t Bt} oy (E.7)
0 0

The operator I:af determines the rate of exchange of energy between the atoms and field which
for large N is of the order of gv/N. The rate of the process described by the operator j}f is of
the order of |id, 4 x|. If [id. + x| >> g/ N then the evolution of the field is dominated by ﬁf
and we may assume that the field remains for all times adiabatically in the state determined by
f/f If the time scale of observation is much longer than |id. + k| then that state is the steady
state pj° of Lf This state is the steady state of thermal equilibrium and is given by

P Es8)
where -
e =" (E.9)
n—+1

We write the density operator p(t) in Eq. (E.7) as the outer product of the density matrix p,(¢)
of the atomic system and steady state density matrix p}* for the field. After taking the trace of
the two sides of Eq. (E.7) over the electromagnetic field states we get

dpa ! i ;
jt _ / a0 Trs { Lafe[Lf@—tl)]Laf(tl)pa(tl)pjf}. (E.10)
0

Here I:af(tl) is the Liouville operator f/af in the interaction picture. We evaluate the above

integral using the results
6ﬁftdﬁ I [{(ﬁ+ 1)6/~;t _ ﬁefﬁt}&ﬁ
— afe - e il (E.11)
and

Lftpa _ eiéct[(ﬁ_i_l){ K e~ tYap

(et — (7 + 1)6—“}[3@] (E.12)
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along with their Hermitian conjugates and obtain

dpe &
dt - /4124‘(52 [_150{[‘]-1-‘]—7@1] +2n[<]zapa]}
+ K'{(ﬁ + 1)(2jfﬁaj+ - jJrjfﬁa - ﬁajJrjf)
+ 2] pad- = J_Tipa — pad—Ji)}|. (E.13)

We also have assumed that the atomic density matrix p,(t) evolves slowly on the scale 1/wq. If
d. >> K then the contribution due to damping in Eq. (£.13) is very small and hence negligible
and therefore, the above equation reduces to

dAa . T 7 T oA
c,ZOt =—in|J J_ + QﬁJz,pa] (E.14)
where, ,
g~0c
=_7 ¢ E.15
= e (E.15)

and Ng? << k? 4 2. For a given value of V/Ng and &, the adiabatic condition can be satisfied
by increasing the detuning |wy — w.|. Thus in a cavity, highly detuned from the atomic transition

frequency, the evolution of the atomic system is governed by the effective Hamiltonian

~

Happ = hn [LJ, +ond.|. (E.16)
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